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Abstract. This paper studies an instantiation of Dung-style argu-
mentation system with classical propositional logic. Our goal is to
explore the link between the result obtained by using argumentation
to deal with an inconsistent knowledge base and the result obtained
by using maximal consistent subsets of the same knowledge base.
Namely, for a given attack relation and semantics, we study the ques-
tion: does every extension of the argumentation system correspond
to exactly one maximal consistent subset of the knowledge base?
We study the class of attack relations which satisfy that condition.
We show that such a relation must be conflict-dependent, must not
be valid, must not be conflict-complete, must not be symmetric etc.
Then, we show that some attack relations serve as lower or upper
bounds with respect to the condition we study (e.g. we show that
if an attack relation contains “canonical undercut” then it does not
satisfy this condition). By using our results, we show for each attack
relation and each semantics whether or not they satisfy the aforemen-
tioned condition. Finally, we interpret our results and discuss more
general questions, like does (and when) this link is a desirable prop-
erty. This work will help us obtain our long-term goal, which is to
better understand the role of argumentation and, more particularly,
the expressivity of logic-based instantiations of Dung-style argumen-
tation frameworks.

1 INTRODUCTION
Argumentation is a reasoning model based on the generation and
evaluation of arguments. There are a number of proposals for defin-
ing a computational model of argument [6, 16]. Nowadays, most of
the work in argumentation is based on the abstract argumentation the-
ory proposed by Dung [11]. This paper studies the case when Dung’s
framework is instantiated by building arguments in classical propo-
sitional logic (e.g. [4, 12]). The advantages of such an approach are
that it can benefit from all the results proved in the case of abstract ar-
gumentation, and in addition, it allows for using some important and
useful notions from the underlying logic like consistency, inference,
logical equivalence, etc.

One of the most important features of argumentation is that it can
be used as a tool for inconsistency handling. Indeed, in many real-
world scenarios, a knowledge base from which arguments are con-
structed is inconsistent. If we are given an inconsistent set of classi-
cal propositional formulae Σ, classical inference relation is useless,
since from an inconsistent set of formulae, we can draw any conclu-
sion. Thus, a natural and well-known way to deal with this problem is
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to identify maximal (for set inclusion) consistent subsets of Σ and to
consider them as possible (and mutually exclusive) consistent points
of view. Those maximal consistent sets represent a consistent output
given an inconsistent knowledge base at the input.

Given a set of formulae Σ, let us consider the corresponding ar-
gumentation framework F = (Arg(Σ),R), where for a set S ⊆ Σ,
we denote by Arg(S) the set of all arguments that can be built from
S, and by R the relation used for identifying attacks between argu-
ments. The most important output of an argumentation system is the
set of its extensions, which are the sets of mutually acceptable ar-
guments. From an argumentation system containing conflicts, repre-
senting some kind of inconsistency in the underlying logic, we obtain
extensions, that are conflict-free sets for all well-known argumenta-
tion semantics.

There are works [1, 2, 5, 9, 10, 12] which study the link between
the result obtained by using an argumentation system and the no-
tions of the underlying logic, like consistency, inference, etc. This
paper continues that line of research, since its goal is also to study
the link between a knowledge base and the corresponding argumen-
tation system.

We have seen that the most common way to deal with inconsis-
tency in a knowledge base is to identify its maximal consistent sub-
sets, whereas for an argumentation system, this is done by calculating
its extensions. We formalise the main research task of this paper as
follows: what is the link between maximal consistent subsets of Σ
and extensions of F? More particularly: When is the function Arg

a bijection between maximal consistent subsets of Σ and exten-
sions of F?

If an attack relation satisfies the previous condition, then we will
say that it satisfies (MC↔ Ext).

In this paper, we study the class of attack relations which satisfy
this condition. First, we study the properties of those relations and
identify several conditions they must satisfy. For example, we show
that if an attack relation R satisfies the condition we study, then:
the base of any extension must be consistent; R must be conflict-
dependent;R must not be valid;R must not be symmetric, ...

After studying general properties such a relation must (not) sat-
isfy, we examine virtually all attack relations used in logic-based ar-
gumentation. We show that some of them serve as lower or upper
bounds w.r.t. the condition we study, e.g. we show that if an attack
relation is more specific than “canonical undercut” (i.e. if it contains
“canonical undercut”) then it does not satisfy (MC↔ Ext). Then, we
analyse all those attack relations and for each of them prove whether
or not it satisfies the aforementioned condition, by using the results
from the first part of the paper. At the end, we interpret the results and
discuss more general questions, like is satisfying (or not satisfying)
the previous condition a good or a bad thing for an attack relation
(and a semantics) and what does it say about a propositional logic
instantiation of Dung’s argumentation framework?



2 BASICS OF ARGUMENTATION
We will use classical propositional logic for instantiating Dung’s ar-
gumentation system. L denotes the set of well-formed formulae, `
stands for classical entailment, and≡ for logical equivalence. We de-
note by Σ a finite set of classical propositional formulae from which
arguments are constructed. We will use the notation MC(Σ) for the set
of all maximal consistent subsets of Σ. A logical argument is most
commonly defined as a pair (support, conclusion).

Definition 1 (Argument) An argument is a pair (Φ, α) such that
Φ ⊆ Σ is a minimal (for set inclusion) consistent set of formulae
such that Φ ` α.

For an argument a = (Φ, α), we will use the function Supp(a) =
Φ to denote its support and Conc(a) = α to denote its con-
clusion. For a given set of formulae S, we denote by Arg(S)
the set of arguments constructed from S. Formally, Arg(S) =
{a | a is an argument and Supp(a) ⊆ S}. Let Arg(L) denote the
set of all arguments that can be made from propositional logic. For a
given set of arguments E , we denote Base(E) =

⋃
a∈E Supp(a). We

suppose that function Arg is defined on L and that function Base is
defined on Arg(L); by slightly abusing the notation, we will some-
times write Arg (respectively Base) for the restriction of these func-
tions on any set of formulae (respectively arguments).

Definition 2 (Argumentation system) An argumentation system
(AS) is a pair (A,R) where A ⊆ Arg(L) is a set of arguments
andR ⊆ A×A a binary relation. For each pair (a, b) ∈ R, we say
that a attacks b. We will also sometimes use notation aRb instead of
(a, b) ∈ R.

Since arguments are built from formulae, we suppose that an at-
tack relation is to be defined by specifying a condition s.t. for any two
arguments a and b, we have that a attacks b if and only if the con-
dition from the definition of attack relation is satisfied. For example,
such a condition can be that the conclusion of a is logically equiva-
lent to the negation of the conclusion of b. We suppose that all attack
relations are defined on the set Arg(L) × Arg(L), and that for any
set A ⊆ Arg(L), we use the restriction of the attack relation on the
setA×A. That is why, in order to simplify notation, we will simply
write R for an attack relation defined on the set Arg(L) × Arg(L)
as well as for the restriction of that attack relation on any setA×A,
with A ⊆ Arg(L).

In order to determine mutually acceptable sets of arguments, dif-
ferent semantics have been introduced in argumentation. We first in-
troduce the basic notions of conflict-freeness and defence.

Definition 3 (Conflict-free, defence) Let F = (A,R) be an AS,
E ⊆ A and a ∈ A.

• E is conflict-free iff @a, b ∈ E s.t. aR b
• E defends a iff for every b ∈ A we have that if b R a then there

exists c ∈ E s.t. cR b.

Definition 4 (Acceptability semantics) Let F = (A,R) be an AS
and B ⊆ A. We say that a set B is admissible iff it is conflict-free
and defends all its elements.

• B is a complete extension iff B defends all its arguments and con-
tains all the arguments it defends.

• B is a preferred extension iff it is a maximal (w.r.t. set inclusion)
admissible set.

• B is a stable extension iff B is conflict-free and for all a ∈ A \ B,
there exists b ∈ B such that bR a.

• B is a semi-stable extension iff B is a complete extension and the
union of the set B and the set of all arguments attacked by B is
maximal (for set inclusion).

• B is a grounded extension iff B is a minimal (for set inclusion)
complete extension.

• B is an ideal extension iff B is a maximal (for set inclusion) ad-
missible set contained in every preferred extension.

For an argumentation system F = (A,R) we will denote by
Extx(F); or, by a slight abuse of notation, by Extx(A,R) the set
of its extensions w.r.t. semantics x. We will use abbreviations c, p, s,
ss, g and i for respectively complete, preferred, stable, semi-stable,
grounded and ideal semantics. For example, Extp(F) denotes the set
of preferred extensions argumentation system F .

3 DEFINING THE PROBLEM
Until now, we have specified how to construct an argumentation sys-
tem from a knowledge base Σ. Namely, given Σ, construct the corre-
sponding argumentation system F = (Arg(Σ),R), and then, using
a chosen semantics, calculate extensions. Note that the only compo-
nent which we did not specify until now is the attack relation. That is
because in logical argumentation, different attack relations are used.

As already mentioned, the goal of this paper is to study the link
between the result obtained from the set of formulae Σ and the result
obtained from an argumentation system whose arguments are built
using the formulae from Σ. Since all the other components of our
system except semantics and attack relation are fixed, it is obvious
that this link depends exclusively on those two components. Let us
now formally define a criterion we will study throughout the article.

Definition 5 (MC↔ Ext) Let x be any argumentation semantics.
We say that attack relation R satisfies (MC↔ Extx) if and only if
for every finite set of propositional formulae Σ we have that

Arg is a bijection between MC(Σ) and Extx(Arg(Σ),R)

This means that for every S ∈ MC(Σ), Arg(S) ∈ Ext(Arg(Σ),R)
and for every E ∈ Ext(Arg(Σ),R), there exists S ∈ MC(Σ) such
that E = Arg(S). In other words, we ask for the function Arg to
be a bijection between the set of maximal conflict-free subsets of
Σ and extensions of the corresponding argumentation system w.r.t.
the given attack relation and semantics. For example, we will say
that an attack relation R satisfies (MC↔ Extc) if and only if for
any finite Σ, we have that Arg is a bijection between MC(Σ) and
Extc(Arg(Σ),R). Sometimes, when it is clear from the context
which semantics we refer to or when a semantics is not important, we
will use the simplified notation (MC↔ Ext). We say that an attack
relation R falsifies (MC↔ Extx) if and only if R does not satisfy
(MC↔ Extx).

There are two ways to study the link between a knowledge base
and the corresponding argumentation system. In the first scenario,
one starts with the knowledge base Σ and constructs all the argu-
ments. Then, the link between Σ and F = (Arg(Σ),R) is studied.
In this case, we call a corresponding argumentation system a com-
plete system. Complete systems are infinite, but for every complete
system, there exists an equivalent finite system [3]. In the second sce-
nario, we start with an argumentation systemF = (A,R), we define
Σ

def
= Base(A), and then study the link between Σ and F . In this



case, we deal with an incomplete system. There is an important dif-
ference between those two scenarios. Namely, in the first case, all the
arguments that can be built from Σ are considered when calculating
Extx(F). In the second case, Σ contains all the formulae from A,
but in F , not all formulae are equally represented. It is clear that in
the second scenario, one cannot expect Arg to be a bijection between
MC(Σ) and Ext(A,R).

Due to the space restrictions, we do not further discuss the differ-
ences between complete and incomplete systems; that is not the goal
of this paper. However, we find it necessary to point out that they
exist, in order to make the context of our research question clear.
In the second scenario, it is not reasonable to expect any correla-
tion between the result obtained directly from Σ and from F . That is
why, in the rest of the paper we will suppose the first scenario, and
study the properties of attack relations (and semantics) which satisfy
(MC↔ Ext).

4 PROPERTIES OF RELATIONS SATISFYING
(MC↔EXT)

In this section, we analyse properties of attack relations satisfying
(MC↔ Ext). We first show that if this condition is satisfied, then the
function Base : Ext(F) → MC(Σ) is the inverse function of the
function Arg : MC(Σ)→ Ext(F).

Proposition 1 Let R be an attack relation and x an acceptability
semantics. IfR satisfies (MC↔ Extx) then:

• for every S ∈ MC(Σ), we have that S = Base(Arg(S)),
• for every E ∈ Extx(F), we have that E = Arg(Base(E)).

The previous result allows to easily show that if an attack relation
satisfies (MC↔ Ext), then every extension has a consistent base and
the union of its arguments’ conclusions is consistent.

Corollary 1 Let R be an attack relation and x a semantics. Let R
satisfy (MC↔ Extx) and let Σ be a finite set of formulae. Denote
F = (Arg(Σ),R). Then, for every E ∈ Extx(F), we have:

• Base(E) is consistent
•

⋃
a∈E Conc(a) is consistent

Note that we can use the previous result to show that an attack
relation does not satisfy (MC↔ Ext). Namely, if an attack rela-
tion returns extensions having inconsistent bases, then it violates
(MC↔ Ext).

Corollary 2 LetR be an attack relation, and x an acceptability se-
mantics. If there exists a finite knowledge base Σ s.t. there exists an
extension E ∈ Extx(Arg(Σ),R) s.t. Base(E) is inconsistent, then
R does not satisfy (MC↔ Extx).

4.1 On conflict-dependence and validity
In this subsection, we study the link between satisfying (MC↔ Ext)
and being conflict-dependent or valid. An attack relation is conflict-
dependent if whenever an argument attacks another one, the union of
their supports is inconsistent [1].

Definition 6 (Conflict-dependent) Let R ⊆ Arg(L) × Arg(L) be
an attack relation. We say that R is conflict-dependent iff for every
a, b ∈ Arg(L), if (a, b) ∈ R then Supp(a) ∪ Supp(b) ` ⊥.

We will now prove that conflict-dependence is a necessary condi-
tion for satisfying (MC↔ Ext). To be completely precise, we here
specify that we will say that a semantics x returns conflict-free sets
iff for any argumentation system (A,R), for any E ∈ Extx(A,R),
it holds that E is conflict-free w.r.t.R.

Proposition 2 Let R be an attack relation and x any semantics
which returns conflict-free sets. If R satisfies (MC↔ Extx), then R
is conflict-dependent.

Having proved this, we know that a relation satisfying
(MC↔ Ext) enjoys all the properties of conflict-dependent relations.
For example, it was shown that if an attack relation is conflict-
dependent, then there are no self-attacking arguments [1].

Corollary 3 LetR be an attack relation and x any semantics which
returns conflict-free sets. If R satisfies (MC↔ Extx) then for any
argument a ∈ Arg(L), we have that s.t. (a, a) /∈ R.

This means that we have another way to identify (some of the)
attack relations not satisfying (MC↔ Ext): namely, if for an attack
relation there exists a self-attacking argument, then the given attack
relation falsifies (MC↔ Ext) for all semantics returning conflict-free
sets. Let us now study the notion of validity [2].

Definition 7 (Valid) Let R ⊆ Arg(L) × Arg(L) be an attack rela-
tion. We say thatR is valid iff for every B ⊆ Arg(L) it holds that if
B is conflict-free, then Base(B) is consistent.

We show that this property is incompatible with conflict-
dependence.

Proposition 3 There exists no attack relation which is both conflict-
dependent and valid.

This means that if an attack relation R satisfies (MC↔ Ext) then
there must exist a set E which is conflict-free w.r.t.R but whose base
is inconsistent.

Corollary 4 Let R be an attack relation and x an acceptability se-
mantics returning conflict-free sets and let R satisfy (MC↔ Extx).
Then,R is not valid.

The previous result is useful since if an attack relation is valid, we
can immediately conclude that it violates (MC↔ Extx) for all well-
known semantics. On the more general level, note that we see that
asking for every conflict-free set to have a consistent base is very
demanding. Roughly speaking, this is due the fact that attacks are
binary whereas minimal conflicts may be ternary (or of a greater car-
dinality). An alternative condition to be studied in the context where
validity was introduced would be to ask for every admissible set (or
for every extension under a given semantics) to have a consistent
base.

4.2 Satisfying (MC↔Ext) and different
acceptability semantics

In this subsection we study the properties related to particular se-
mantics. We show that if an attack relation satisfies (MC↔ Ext) for
stable semantics, then it also satisfies it for semi-stable semantics.
Then we identify conditions under which an attack relation satisfies



(MC↔ Ext) for stable semantics. We provide a similar result for pre-
ferred semantics. We also identify a sufficient condition so that an at-
tack relation falsifies (MC↔ Ext) under complete semantics. Then,
we discuss the case of single-extension semantics.

First, suppose that R satisfies (MC↔ Exts). This means that for
any finite set of formulae Σ, function Arg is a bijection between
MC(Σ) and Exts(Arg(Σ),R). Since every finite set of formulae has
at least one maximal consistent subset, then for every Σ, it must be
that (Arg(Σ),R) has at least one stable extension. Since there are
stable extensions, then stable and semi-stable semantics coincide [8].
Thus, we obtain the following proposition.

Proposition 4 Let R be an attack relation. If R satisfies
(MC↔ Exts) then:

• for every finite set of formulae Σ and F = (Arg(Σ),R), we have
that Exts(F) = Extss(F)

• R satisfies (MC↔ Extss).

Let us now prove that in the case of stable semantics, if the im-
age w.r.t. Arg of every maximal consistent set is an extension and if
the base of every extension is consistent, then the attack relation in
question satisfies (MC↔ Ext).

Proposition 5 LetR be an attack relation. If for every set of formu-
lae Σ and F = (Arg(Σ),R), we have:

• for all S ∈ MC(Σ), Arg(S) ∈ Exts(F), and
• for all E ∈ Exts(F), Base(E) is consistent

thenR satisfies (MC↔ Exts).

We will prove that similar two conditions are sufficient to guaran-
tee thatR satisfies (MC↔ Ext) under preferred semantics.

Proposition 6 LetR be an attack relation. If for every set of formu-
lae Σ and F = (Arg(Σ),R), we have:

• for all S ∈ MC(Σ), Arg(S) ∈ Extp(F), and
• for all E ∈ Extp(F), Base(E) is consistent

thenR satisfies (MC↔ Extp).

As a consequence of the two previous results, we can identify
a sufficient condition so that R satisfies both (MC↔ Exts) and
(MC↔ Extp).

Corollary 5 LetR be an attack relation. If for every set of formulae
Σ and F = (Arg(Σ),R), we have:

• for all S ∈ MC(Σ), Arg(S) ∈ Exts(F), and
• for all E ∈ Extp(F), Base(E) is consistent

thenR satisfies both (MC↔ Exts) and (MC↔ Extp).

Let us now show that if an attack relation returns a stable extension
having an inconsistent base, then it violates (MC↔ Ext) for stable,
semi-stable, preferred and complete semantics.

Proposition 7 Let R be an attack relation. If there exists a finite
set of formulae Σ s.t. F = (Arg(Σ),R) has a stable extension E
s.t. Base(E) is inconsistent, then R falsifies (MC↔ Extx) for x ∈
{s, ss, p, c}.

Let us now study the case of complete semantics. We will show
that it is not possible for an attack relation to satisfy (MC↔ Extc).
The only condition we use in our result is that for any argument a, if
a has a formula ϕ in its support, and ¬ϕ ∈ Σ, then there exists an
argument b ∈ Arg(Σ) such that b attacks a.

Proposition 8 Let R be an attack relation s.t. for every finite set
of formulae Σ, for every a ∈ Arg(Σ), for every ϕ ∈ Supp(a), if
there exists ψ ∈ Σ s.t. ψ ≡ ¬ϕ then there exists b ∈ Arg(Σ) s.t.
(b, a) ∈ R. Then,R does not satisfy (MC↔ Extc).

What about the semantics which always return a unique extension,
like grounded and ideal semantics? In such a case, it is not reason-
able to expect that there is a bijection between MC(Σ) and the set of
extensions, since there can be several maximal consistent subsets of
Σ. Let us formally state this fact.

Proposition 9 If x is a semantics s.t. for any argumentation system
F we have |Extx(F)| = 1 then there is no attack relation R which
satisfies (MC↔ Extx).

The previous simple result is not surprising. The idea between
those semantics is to have one extension that contains all the argu-
ments that should be accepted according to any point of view. Thus,
we can expect a link between the set of formulae not belonging to any
minimal inconsistent set and those extensions. Note that the sufficient
conditions forR were identified [12] so that for any finite set Σ and
F = (Arg(Σ),R) we have that the grounded and the ideal semantics
coincide and that the extension is exactly Arg(Σ \ (Φ1 ∪ . . . ∪Φk))
where {Φ1, . . . ,Φk} is the set of all minimal (for set inclusion) in-
consistent subsets of Σ.

5 IDENTIFYING CLASSES OF ATTACK
RELATIONS (NOT-)SATISFYING (MC↔EXT)

Until now, we have identified several properties that any attack re-
lation satisfying (MC↔ Ext) must satisfy. We also provided several
results closely related to the choice of a specific acceptability se-
mantics. In this section, we will identify classes of attack relations
which satisfy, does not satisfy (MC↔ Ext), or serve as lower (up-
per) bounds (w.r.t. set inclusion) for (non-)satisfying (MC↔ Ext).

A particular class of attack relations, namely symmetric relations,
have already been criticised for violating some important properties
[1]. From that perspective, the next result is not surprising, as we
show that any symmetric attack relation violates (MC↔ Ext) for all
the semantics from Definition 4.

Proposition 10 If R is a symmetric attack relation, then for every
x ∈ {s, ss, p, c, g, i},R falsifies (MC↔ Extx).

We will now identify another class of attack relations that do not
satisfy (MC↔ Ext). Namely, we will show that any (possible) attack
which generate “too many attacks” falsifies (MC↔ Ext). First, we
need to formally define what we mean by “too many attacks”. We do
this by introducing the notion of conflict-completeness.

Definition 8 (Conflict-complete) Let R ⊆ Arg(L) × Arg(L) be
an attack relation. We say that R is conflict-complete iff for every
minimal conflict C ⊆ L (i.e. for every inconsistent set whose every
proper subset is consistent), for every C′, C′′ ⊆ C s.t. C′ 6= ∅,
C′′ 6= ∅, C′ ∪ C′′ = C, for every argument a s.t. Supp(a) = C′,
there exists an argument a′′ s.t. Supp(a′′) = C′′ and (a′′, a′) ∈ R.



Now, we can show that if an attack relation is conflict-complete,
then it falsifies (MC↔ Ext) for stable, semi-stable, preferred and
complete semantics.

Proposition 11 Let R be an attack relation. If R is conflict-
complete thenR does not satisfy (MC↔ Extx) for x ∈ {s, ss, p, c}.

We will now define all (to the best of our knowledge) attack rela-
tions used in logic-based argumentation. Then, we prove that some of
them are lower (upper) bounds (w.r.t. set inclusion) for non-satisfying
(MC↔ Ext). If Φ = {ϕ1, . . . , ϕk} is a set of formulae, notation∧

Φ stands for ϕ1 ∧ . . . ∧ ϕk.

Definition 9 (Attack relations) Let a, b ∈ Arg(L). We define the
following attack relations:

• defeat: aRdb iff Conc(a) `
∧
¬Supp(b)

• direct defeat: aRddb iff ∃ϕ ∈ Supp(b) s.t. Conc(a) ` ¬ϕ
• undercut: aRub iff ∃Φ ⊆ Supp(b) s.t. Conc(a) ≡ ¬

∧
Φ

• direct undercut: aRdub iff ∃ϕ ∈ Supp(b) s.t. Conc(a) ≡ ¬ϕ
• canonical undercut: aRcub iff Conc(a) ≡ ¬

∧
Supp(b)

• rebut: aRrb iff Conc(a) ≡ ¬Conc(b)
• defeating rebut: aRdrb iff Conc(a) ` ¬Conc(b)
• rebut + direct undercut: aRrdub iff aRrb or aRdub
• conflicting attack: aRcb iff Supp(a) ∪ Supp(b) ` ⊥

The reader can easily check that Rcu is conflict-complete, which
leads to the conclusion that any attack relation which contains canon-
ical undercut (in the set-theoretic sense) is also conflict-complete.

Proposition 12 LetR ⊆ Arg(L)× Arg(L) be an attack relation. If
Rcu ⊆ R thenR is conflict-complete.

Thus, from Proposition 11, we conclude that every attack relation
which contain “canonical undercut” falsifies (MC↔ Ext).

Corollary 6 LetR be an attack relation. IfRcu ⊆ R, (i.e. for every
a, b ∈ Arg(L), we have that (a, b) ∈ Rcu implies (a, b) ∈ R), then
R does not satisfy (MC↔ Extx) for x ∈ {s, ss, p, c}.

As a consequence,Ru,Rd andRc also falsify (MC↔ Ext). Fur-
thermore, we identified another class of attack relations, this time
based on rebutting, which do not satisfy (MC↔ Exts). Namely, any
attack relation contained in defeating rebut falsifies (MC↔ Exts).

Proposition 13 Let R be an attack relation. If R ⊆ Rdr then R
does not satisfy (MC↔ Exts).

One of the consequences of the previous result is that Rr falsify
(MC↔ Exts).

6 PARTICULAR ATTACK RELATIONS AND
(MC↔EXT)

In the previous section, we identified classes of relations which do
not satisfy (MC↔ Ext). In this section, we examine all the attack
relations from Definition 9. By using the results we presented un-
til now, we will prove that direct undercut and direct defeat satisfy
(MC↔ Ext) for stable, semi-stable and preferred semantics, and fal-
sify it for other semantics, while other attack relations fail to satisfy
(MC↔ Ext) for any semantics. Note that it has been proved [10] that
direct undercut satisfies (MC↔ Ext) in the case of stable semantics.
From Proposition 4, we conclude thatRdu satisfies (MC↔ Ext) for
semi-stable semantics. So, we only need to prove that Rdu satisfies
(MC↔ Ext) in the case of preferred semantics.

Proposition 14 Attack relation Rdu satisfies (MC↔ Extx) for x ∈
{s, ss, p}.

Let us now show that Rdd also satisfies (MC↔ Ext) for stable,
semi-stable and preferred semantics.

Proposition 15 Attack relation Rdd satisfies (MC↔ Extx) for x ∈
{s, ss, p}.

We have already seen that no relation satisfies (MC↔ Ext) for the
grounded or ideal semantics. By using Proposition 8, it is easy to
conclude that neitherRdu norRdd satisfy (MC↔ Extc). Let us now
prove that the remaining attack relations from Definition 9 do not
satisfy (MC↔ Ext) for neither of the semantics from Definition 4.

Proposition 16 Attack relations Rd, Ru, Rcu, Rr , Rdr , Rrdu,
Rc falsify (MC↔ Ext) for stable, semi-stable, preferred, complete,
grounded and ideal semantics.

7 DISCUSSION AND RELATED WORK
In this paper, we studied the following question: for which attack
relations and semantics, the function Arg is a bijection between the
set of maximal consistent subsets of a knowledge base and exten-
sions of the argumentation system obtained by constructing all the
arguments from that knowledge base? Our main motivation is to
identify the similarities and differences in the results obtained by
using an argumentation-based approach and a non argumentation-
based approach. Practical benefits of our work are: (i) ”validate”
argumentation-based approaches by showing in which cases they
return a result comparable with that of some of well-known non-
argumentation based approaches (ii) reduce computational complex-
ity by using the simpler approach in the cases when the result ob-
tained by an argumentation-based and a non argumentation-based
approach is the same (iii) if differences are found, try to under-
stand why they arise (what is the supplementary information in-
duced by an attack relation) in order to use them (if we find that an
argumentation-based approach models some situations better than a
non argumentation-based approach) or to avoid them (if they repre-
sent problems, e.g. returning extensions having inconsistent bases).
Our long-term goal is to better understand the role of argumentation
and, more particularly, the expressivity of logic-based instantiations
of Dung-style argumentation frameworks.

Let us now review the case when an attack relation satisfies
(MC↔ Ext) for a given semantics. A positive aspect of this situ-
ation is that the result obtained from the argumentation system is
comparable to that obtained by using maximal consistent sets of the
knowledge base for reasoning. A possible criticism of such a rela-
tion is that it is useless, since we can obtain the same result without
using argumentation at all. But, this is far from being true; namely,
argumentation can be used for explanatory purposes. For example,
if one wants to know why a certain conclusion is accepted, an argu-
ment having that conclusion can be presented. That argument can be
attacked by other arguments and so on. It might be possible to con-
struct only a part of the argumentation graph related to the argument
in question, thus having a better knowledge representation (i.e. ig-
noring the parts of the knowledge base unrelated to the argument one
wants to concentrate on).

Let us now consider the case when an attack relation does not
satisfy (MC↔ Ext). Since we supposed no preferences between the
formulae of Σ, then the attack relation is introducing some hidden
bias which results in some formulae being privileged. Whether we



want or not this type of bias can be discussed, but we think that when
doing this, we must at least be aware of that fact. An important ques-
tion in such a case is: what type of formulae becomes privileged /
unprivileged? To try to answer that question, let us take another look
at the attack relations not satisfying (MC↔ Ext) that we studied.
Note that all the attack relations from the literature which do not sat-
isfy (MC↔ Ext) may return extensions having inconsistent bases.
So, they cannot be used (at least if the goal of the argumentation pro-
cess is to deal with inconsistency and somehow resolve it). Another
situation would be the one where there are no extensions having in-
consistent bases, but R does not satisfy (MC↔ Ext). This seems
less in contradiction with the idea of using argumentation for incon-
sistency handling, since in that case, some maximal consistent sets
do not yield extensions, but at least no extension has an inconsistent
base. We did not encounter this situation for any of the attack rela-
tions used in the literature, and identifying and studying them will be
a part of future work.

We now review the related work. The paper by Cayrol [10] is one
of the early works relating the results obtained directly from a knowl-
edge base and by using an argumentative approach. In that paper, it
was shown that “direct undercut” satisfies (MC↔ Ext) for stable se-
mantics, but no results for other semantics or attack relations were
provided. We not only studied other attack relations and other se-
mantics, but also provided a general study of properties an attack
relation satisfying (MC↔ Ext) must also satisfy.

Amgoud and Vesic [5] generalised the result by Cayrol [10] for the
case of prioritised knowledge base, by showing that Arg is a bijec-
tion between preferred sub-theories [7] (which generalise maximal
consistent sets in case of prioritised knowledge base) and stable ex-
tensions of an instantiation of the preference-based argumentation
system they developed.

Amgoud and Besnard [1, 2] also studied the link between a knowl-
edge base and the corresponding argumentation system. Those pa-
pers introduced some important notions like conflict-dependence and
validity of an attack relation and proved many results related to
consistency in the underlying logic. However, note that the crite-
rion (MC↔ Ext) was neither defined nor studied in those papers;
they provided [2, Corollary 1] a link between MC(Σ) and maximal
conflict-free sets of F = (Arg(Σ),R). Furthermore, this result is
proved under hypotheses which are impossible to satisfy: the attack
relation should be both valid and conflict-dependent, which is impos-
sible (as proved in Proposition 3).

A recent paper by Gorogiannis and Hunter [12] studied the proper-
ties of attack relations in the case when a Dung-style argumentation
system is instantiated with classical propositional logic. Our work is
related to those ideas, however, the focus of our paper is different:
we proved the properties that must be satisfied by any attack rela-
tion satisfying (MC↔ Ext) and we identified the attack relations that
serve as lower and upper bounds of classes of relations non-satisfying
(MC↔ Ext).

Considering the difference between complete and incomplete sys-
tems, note that many works in the 1990s [13, 15, 17] yield concep-
tual and philosophical arguments supporting partial computation (i.e.
incomplete systems). The goal of this paper is not to argue that com-
plete systems are in any sense “better” than incomplete ones (or vice
versa), but only to study the possibilities and limits of (propositional)
logic-based instantiations of Dung-style argumentation systems.

One of the challenges left for future work is to find a set of con-
ditions such that an attack relation satisfies those conditions if and
only if it satisfies (MC↔ Ext). Recall that direct undercut and di-
rect defeat are the only attack relations from the literature that satisfy

(MC↔ Ext). We believe that this fact deserves more attention and in
the future work we will try to identify the reasons behind this fact.
Our intuition is that the notion of conflict-completeness will play an
important role in explaining this phenomenon.

A long-term research agenda includes defining and studying such
links for other argumentation formalisms (i.e. not only for Dung-
style argumentation frameworks instantiated with classical logic).
For example, considering the framework proposed by Modgil and
Prakken [14], we would like to investigate the questions like: is
there a link between the set of conclusions obtained by using a non-
argumentative system based on the same strict and defeasible rules
and the result obtained by the corresponding argumentation system?
If yes, what are advantages / drawbacks of an argumentative ap-
proach and in which case to use it? If no, why this happens and what
is the intrinsic added value of argumentation?
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