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Abstract: Negotiation is a form of interaction in which agents with conflicting
preferences try to reach an agreement on an issue by exchanging offers. Since early
nineties, the benefits of exchanging arguments, in addition to offers, has been advo-
cated in the literature. The idea is that an offer supported by an argument has a
better chance to be accepted by another agent. Unfortunately, a little has been done
on showing how a new argument may change the status of an offer for an agent. In
other words, how an acceptable (resp. rejected) offer becomes rejected (resp. accept-
able) for an agent when he receives a new argument from another agent.

In this paper, we assume that each negotiating agent is equipped with a particular
argument-based decision system. This system assigns a status to each offer on the
basis of the acceptability of their supporting arguments. We will study under which
conditions an offer may change its status when a new argument is received and under
which conditions this new argument is useless. This amounts to study how the accept-
ability of arguments evolves when the decision system is extended by new arguments.
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1 Introduction

In their seminal book [12], Walton and Krabbe define negotiation as a form
of interaction in which autonomous agents having different interests or goals
try to find a compromise on an issue, called negotiation object. Examples of
negotiation objects are: the price of a given product, an allocation of resources,
etc. During a negotiation, agents exchange offers. An offer represents a possible
value of the negotiation object. Since agents may have conflicting interests, they
may have also conflicting preferences on the set of all possible offers. It may
be the case that the most preferred offer for one agent is the worst one for
another agent. Consequently, agents need to make concessions, i.e. to accept
less preferred offers.

At early nineties, Sycara has emphasized the importance of using argumen-
tation techniques in negotiation dialogues [10]. The basic idea is to allow agents
not only to exchange offers but also reasons that support these offers in order to
mutually influence their preferences on the set of offers, and consequently the
outcome of the dialogue. Since there, several works on argumentation-based
negotiation have been done including work by Parsons and Jennings [8], Reed
[9], Kraus et al. [7], Tohmé [11], Amgoud et al. [3], and Kakas and Moraitis
[6]. Most of these works have focused on relating arguments to protocols, and
on giving definitions of arguments in favor of an offer. In [1], an abstract model
for argument-based negotiation has been proposed. That model shows clearly
how arguments are related to the preference relation between offers. The idea
is that each agent is equipped with a decision model that computes a status for
each offer, and a preference relation among all the offers. The whole process
is based on arguments supporting or attacking offers. While this work is very
important for understanding the role of argumentation in negotiation, it is not
clear how and under which conditions the status of an offer may change when a
given argument is received from another agent without having to compute the
new extensions of arguments. This issue is very important for studying dialog
strategies, where an agent should guess what is the best argument to utter at
each step of a dialog. For instance, if we know that an argument will not change
the status of an offer which is currently rejected, then it is useless to utter it,
and the agent has to look for a more relevant one.

Grounded on a recent argument-based decision model [2], this paper studies
deeply the revision of offer status in light of a new argument. This amounts to
study how the acceptability of arguments evolves when the decision system is
extended by new arguments. Note that proofs of all properties and theorems
are in the appendix of this document.

This paper is organized as follows: Section 2 recalls briefly the decision
model proposed in [2]. Section 3 studies the revision of offer status when a new
argument is received. In section 4 we study the revision of offer status under
some assumptions on the decision model. The last section concludes.



2 An argumentation framework for decision mak-
ing

This section recalls briefly the argument-based framework for decision making
that has been proposed in [2]. In that work, a decision problem amounts to
defining a preordering, usually a complete one, on a set of possible choices on
the basis of the different consequences of each decision.

2.1 The decision system

Let £ denote a logical language. From L, a finite set O of n distinct options is
identified. Two kinds of arguments are distinguished in that framework: argu-
ments supporting options, called practical arguments and arguments supporting
beliefs, called epistemic arguments. Arguments supporting options are collected
in a set A, and arguments supporting beliefs are collected in a set A, such that
A,NA, =0 and A = A,UA,. Note that the structure of arguments is assumed
not known. Moreover, arguments in 4, highlight positive features of their con-
clusions, i.e., they are in favor of their conclusions. Practical arguments are
linked to the options they support by a function H defined as follows:

H: O — 24 such that Vi,j if i # j then H(o;) N H(o;) = ) and
Ao = UL, H(o;) with O = {o1,...,0,}.

Each practical argument a supports only one offer 0. We say also that o is the
conclusion of the practical argument a, and we write Conc(a) = o. Note that
there may exist offers that are not supported by arguments (i.e. H(o) = ().

Example 1 Let us assume a set O = {01,092,03} of three options, a set Ay
= {b1,ba,b3} of three epistemic arguments, and finally a set A, = {a1,a2,a3}
of three practical arguments. The arguments supporting the different offers are
summoarized in table below.

H(o1) = {a1}
H(oz) = {az, a3}
H(os) =0

Three binary relations between arguments have been defined. They express the
fact that arguments may not have the same strength. The first preference rela-
tion, denoted by >3, is a partial preorder! on the set Aj. The second relation,
denoted by >,, is a partial preorder on the set A,. Finally, a third preorder,
denoted by >,, (m for mized relation), captures the idea that any epistemic
argument is stronger that any practical argument. The role of epistemic ar-
guments in a decision problem is to validate or to undermine the beliefs on
which practical arguments are built. Indeed, decisions should be made under
certain information. Thus, (Va € Ap)(Va' € A,) (a,a’) €>m A (d/,a) >0, .
Note that (a,a’) €>, with € {b,0,m} means that a is at least as good as

IRecall that a relation is a preorder iff it is reflexive and transitive.



a’. In what follows, >, denotes the strict relation associated with >,. It is

defined as follows: (a,a’) €>, iff (a,a’) €>, and (d’,a) ¢>,. We will some-
times write (a,a’) € ® to refer to one particular of the four possible situations:
(a,a’) €, A(d',a) €>,, meaning that the two arguments a and o’ are indiffer-
ent for the decision maker, (a,a’) €>,, meaning that a is strictly preferred to a’,
(a',a) €>,, meaning that a’ is strictly preferred to a, (a,a’) ¢>, A(a’,a) ¢>,,
meaning that the two arguments are incomparable.

Generally arguments may be conflicting. These conflicts are captured by a bi-
nary relation on the set of arguments. Three such relations are distinguished.
The first one, denoted by Ry captures the different conflicts between epistemic
arguments. The second relation, denoted R, captures the conflicts among prac-
tical arguments. Two practical arguments are conflicting if they support differ-
ent options. Formally, (Va,b € A,) (a,b) € R, iff Conc(a) # Conc(b). Finally,
practical arguments may be attacked by epistemic ones. The idea is that an
epistemic argument may undermine the belief part of a practical argument.
However, practical arguments are not allowed to attack epistemic ones. This
avoids wishful thinking, i.e., avoids making decisions according to what might be
pleasing to imagine instead of by appealing to evidence or rationality. This re-
lation, denoted by R,,, contains pairs (a,a’) where a € A and o’ € A,. Before
introducing the framework, we need first to combine each preference relation >,
(with = € {b,0,m}) with the conflict relation R, into a unique relation between
arguments, denoted Def,, and called defeat relation.

Definition 1 (Defeat relation) Let a,b € A. (a,b) € Def, iff (a,b) € R, and
(b,a) & >o.
Let Defy, Def, and Def,, denote the three defeat relations corresponding to

three attack relations. Since arguments in favor of beliefs are always preferred
(in the sense of >,,) to arguments in favor of offers, it holds that R,, = Def,,.

Example 2 (Ezample 1 cont.) The graph on the left depicts different at-
tacks among arguments. Let us assume the following preferences: (ba,bs) €>y,
(a2,a1) €>, and (a1,a3) €>,. The graph of defeat is depicted on the right of

figure below.
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The different arguments of A, U.A, are evaluated within the system AF = (A =
Ay U A,,Def = Defy, UDef, UDef,,) using any Dung’s acceptability semantics.
In order to define these semantics, we introduce first the notion of conflict-free
set and that of defense.



Definition 2 (Conflict-free, Defense) Let (A,Def) be an argumentation sys-
tem, B C A, and a € A.

e B is conflict-free iff # a, b € B s.t. (a,b) € Def.
e B defends a iff Vb € A, if (b,a) € Def, then 3 ¢ € B s.t. (¢,b) € Def.
The main semantics introduced by Dung are recalled in the following definition.

Definition 3 (Acceptability semantics) Let AF = (A,Def) be an argumenta-
tion system, and B be a conflict-free set of arguments.

e 3 is a grounded extension, denoted GE, iff B is the least fizpoint of function
F where F(S) = {a € A | S defends a}, for S C A.

e 5 is an admissible extension iff B C F(B).

o B is a preferred extension iff B is a mazimal (w.r.t set C) admissible
extension.

e 3 is a stable extension iff B attacks any argument in A\ B.
e 3 is a complete extension iff B = F(B);

Using these acceptability semantics, the status of each argument can be defined
as follows.

Definition 4 (Argument status) Let AF = (A,Def) be an argumentation sys-
tem, and &1,...,E, its extensions under a given semantics. Let a € A.

e a is skeptically accepted iff a € &;, VEi—1,.. 2, & # 0.
e a is credulously accepted iff 3€; s.t. a € & and 3E; s.t. a & E;.
e a is rejected iff PE; s.t. a € &;.

A direct consequence of Definition 4 is that an argument is skeptically ac-
cepted iff it belongs to the intersection of all extensions, and that it is rejected
iff it does not belong to the union of all extensions. Formally:

Property 1 Let AF = (A, R) be an argumentation framework, and &1, ...,Ey,
its extensions under a given semantics. Let a € A.

1. a is skeptically accepted iff a € i, &;.
2. a is rejected iff a ¢ \J!, &;.

Example 3 (Ezample 1 cont.) There is one preferred extension, which is also
the grounded one, {a1,b1}. It is clear that a1 and by are skeptically accepted
while other arguments are rejected.



Let AF = (A,Def) be an argumentation system. Sc(AF), Cr(AF) and Rej(AF)
denote respectively the sets of skeptically accepted arguments, credulously ac-
cepted arguments and rejected arguments. It can be shown that these three sets
are disjoint. Moreover, their union is the set A of arguments.

Property 2 Let AF = (A, R) be an argumentation system and Sc(AF), Cr(AF),
Rej(AF), its sets of arguments.

1. Sc(AF)NCr(AF) =0, Sc(AF)NRej(AF) =0,
Cr(AF)NRej(AF) =10

2. Sc(AF)UCr(AF)URej(AF) = A.
Status of an option is defined from the status of its arguments.
Definition 5 (Option status) Let o € O.

e 0 is acceptable iff 3a € H(o) such that a € Sc(AF).

e o is rejected iff H(o) # 0 and Ya € H(0), a € Rej(AF).

e 0 is negotiable for the negotiating agent iff (Fa € H(0)) (a € Sc(AF)) A
(Ja’ € H(0)) (a’ € Cx(AF)).

e 0 is non-supported iff it is neither acceptable, nor rejected nor negotiable.

Let O, (resp. On, Ons, O,.) be the set of acceptable (resp. negotiable, non-
supported, rejected) options.

The following simple property can be shown.
Property 3 An option o € O is non-supported iff H(o) = 0.

Example 4 (Ezample 1 cont.) Option o1 is acceptable, oo is rejected and os is
non-supported.

It can be checked that an option has only one status. This status may change
in light on new argument as we will show in next sections.

Property 4 Let o € O. o has ezactly one status.

2.2 Impact of a semantics on the status of options

The aim of this section is to study the impact of the different acceptability
semantics on the status of options, consequently on the relation > on the set
O of options. Before starting the study, let us first introduce a useful property
that will be used for showing our results.

Property 5 Let k,ne N, 1<k <n. Let Ay, ..., A, be arbitrary sets. Then:
n k
o (Nimy A SNy Ai
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In the particular case where n > 1 and k = 1, we have:
* Nis 4i €A
e Ay C UL, A

The choice of a semantics has an impact on the acceptability of arguments
and, consequently, on the status of options. We have studied the impact of
several semantics on the status of options. Note that the results presented in
this section hold not only in the case of the particular system defined in the
previous section, but also in the general case (i.e. for any attack relation R).

Let Oy denote the set of options having status y under semantics z, with x €
{ad,p, g, s, c}, where ad stands for admissible, p for preferred, g for grounded, s
for stable and ¢ for complete. For example, OF denotes the set of all accepted
options under preferred semantics. In [2], the status of options makes it possible
to compare these options, thus to define a preference relation > on the set O.
The basic idea is the following: acceptable options are preferred to negotiable
ones. Negotiable options are themselves preferred to non-supported options,
which in turn are better than rejected options.

Let us start with admissible semantics. It is worth noticing that under
this semantics, there are no skeptically accepted arguments, thus there are no
acceptable options. This is due to the fact that the empty set is an admissible
extension of the argumentation framework AF = (A,Def). Formally:

Property 6 Let O be a set of options. It holds that 0% = ().

It can be shown that acceptable options are the same under grounded and
complete semantics. Formally:

Property 7 Let O be a set of options. The equality O = OF holds.

The following result shows that acceptable options under grounded semantics
are a subset of acceptable options under preferred semantics.

Property 8 Let O be a set of options. The inclusion O C OF holds.

Let us now focus on the link between accepted options under preferred and stable
semantics. There are two situations here: the case where the argumentation
system has stable extensions and the case where there is no stable extension.
The following result shows that the direction of the inclusion differs from one
case to another.

Property 9 Let O be the set of options, and let AF = (A,Def) be the argu-
mentation system for rank-ordering elements of O.

1. If AF has no stable extensions, then O =0 and O C OF.
2. If AF has stable extensions, then OF C OF.



All these results and summarized below.
Let O be the set of options, and let AF be the argumentation system.

e Case 1: If AF has no stable extension, then
Os =04 =()C08=0COr.

e Case 2: If AF has at least one stable extension, then
O =) COI=0COrCOs.

The above result shows that admissible semantics does not provide very rich
framework for decision making since there are no acceptable options at all.
Grounded semantics accepts very few arguments as expected, because it is very
cautious. When stable extensions exist, this semantics accepts more acceptable
options than any other semantics.

We will now explore the links between the sets of rejected offers under dif-
ferent semantics.

Property 10 Let O be a set of options. It holds that:
1. 0% =0 = Op
2. O C 0Y.

Regarding stable semantics, there are here also two cases depending on whether
there are stable extensions or not.

Property 11 Let O be the set of options, and let AF be the argumentation
system.

1. If AF has no stable extensions, then OF = O, i.e. all the options are
rejected.

2. If AF has stable extensions, then OF C O C OF.

Let us now summarize all these results.
Let O be the set of options, and let AF be the argumentation system.

e Case 1: If AF has no stable extension, then
0¥ =0 =P COIC O =0.

e Case 2: If AF has at least one stable extension, then
0 =0 =0r C 08 C 0.

In case there is no stable extension, all the options are rejected under stable
semantics. However, when the system has at least one stable extension, the
grounded semantics rejects the most arguments, and consequently, the most
options. We can also check that admissible, complete and preferred semantics
reject exactly the same set of arguments. As expected, the number of rejected
options is very high under grounded semantics. This result is not surprising
since grounded semantics is very cautious and accepts very few arguments.



As mentioned before, an option o is non-supported iff there are no arguments
in its favor, i.e. H(o) = 0. It is clear that this is independent of the acceptability
semantics. So, we have the following property:

Property 12 Let O be the set of options. It holds that:
Opl =05, =0, =05, =05,

Now, recall that an option o is negotiable if there are no skeptically accepted
arguments in its favor, but it is supported by at least one credulously accepted
argument. An agent will always prefer an accepted option to a negotiable one,
while it prefers a negotiable option to a non-supported one.

Generally, an argumentation system has more admissible extensions than
any other type of extensions, thus this semantics will return the greatest num-
ber of credulously accepted arguments, and consequently, the greatest number
of negotiable options. On the other hand, since there is always exactly one
grounded extension, there can never exist a negotiable option under this seman-
tics. Since every stable extension is a preferred one, an argumentation system
may have more preferred extensions than stable ones. Consequently, it can
be shown that there are more credulously accepted arguments under preferred
semantics than under stable one. Thus, there are more negotiable offers.

Property 13 O =0 C 05 C O C 0% C 024,

Note that in case there is no stable extension the set O; is empty, while this is
not necessarily true in the general case.

3 Revising offer status

In the remaining of this paper, we assume that a negotiation takes place be-
tween two or more agents on a negotiation object. In what follows, we assume
that the different values of this object are gathered in a “finite” set O. Those
values, calles offers, will be exchanged by agents in a negotiation. Each ne-
gotiating agent is assumed to know this set, and is equipped with a decision
system like the one introduced in the previous section that compute a status
for each offer in O. Let AF = (A,Def) be that system where A = A, U A,,
Def = Def;, U Def, U Def,,, with Def, (z € {b,0,m}) is built from an attack
relation R, and a preference relation >, between arguments. Let H be a func-
tion that relates the offers to the arguments of the agent. Agents may have
different sets of arguments and different preferences between them. However,
each agent is able to recognize a received argument, i.e. to interpret it correctly.
Since agents may have different sets of arguments, the decision systems of these
agents may return different status for the same offer. In this section, we assume
that “grounded semantics” is used for defining the acceptability of arguments.
Consequently, an argument can either be skeptically accepted or rejected. Sim-
ilarly, an offer may be either acceptable, or rejected or non-supported.



During a negotiation, an agent may receive an argument e from another
agent. This argument is either epistemic or practical. In this paper, we assume
that e is practical. The decision system of this agent will be extended by this
new argument. Let AF @e = (A’ Def’) denote the new system. It is clear that
when e € A (i.e. the received argument is already owned by the agent), then
A" = A and Def’ = Def. Consequently, all the arguments and all the offers will
keep their original status provided by AF. Things are different when e ¢ A. In
this case: A’ = AU {e} and Def’ = Def U {(z,¢) | # € Ay and (x,e) € RF2} U
{(e,y) | y € A, and Conc(y) # Conc(e) and (y,e) ¢>,} U {(y,e) | y € A, and
Conc(y) # Conc(e) and (e,y) ¢>,}. Throughout the paper, we assume that the
argument e is not already in A,.

We will denote by O, (AF), with © € {a,r,ns}, the set of acceptable, re-
spectively, rejected and non-supported offers of the original system AF and
O, (AF @e) the corresponding sets of the new system. For example, O,.(AF @e)
is the set of rejected offers in light of the new argument.

Let us summarize below the different assumptions made in this section.
1. The set O of offers is finite.

2. Grounded semantics is used for computing the status of arguments.
3. The new argument e is a practical one and e ¢ A,.

In this section, we will study the properties of an argument that can change
the status of an offer. We will show when an accepted argument in system AF
remains accepted (resp. becomes rejected) in AF @ e. Similarly, we will show
under which conditions an offer in O, (AF) will move to Oy (AF @e) with x # y.
Let us first consider the following illustrative example.

Example 5 Let O = {01,02} be the set of offers, A, = {b1} be a set of epis-
temic arguments and A, = {a1,a2,as} be a set of practical arguments. Let
the following attacks hold between the arguments: Ry = 0, Ry = {(b1,a3)}.
Recall that R, = {(z,y) | ,y € A, A (Conc(x) # Conc(y))}. Let us also sup-
pose that the argument as is preferred to argument as. Thus, >p= {(b1,b1)}
and >,= {(a1,a1), (az,a2), (az,a3), (as,as)}. Recall that we suppose that all
the epistemic arguments are preferred to practical ones, i.e. >.,= {(z,y) |
z e Ay Ny € A}, Let H(o1) = {a1,a2} and H(o2) = {as}. Now, we
can compute the defeat relations, and obtain: Def, = (), Def,, = {(b1,a3)},
Def, = {(a1,a3), (az,a3), (as,a1)}. The picture below depicts the different at-
tacks in the sense of Def.

2725 is a set that contains all the conflicts between all the epistemic arguments that may
be built from a logical language L.



The grounded extension of this argumentation framework is GE = {a1,as,b1},
50 Sc(AF) = {a1,a2,b1} and Rej(AF) = {as}. Consequently, the offer o1 is
acceptable and o2 is rejected. Let us now suppose that the owner of the system
receives a new practical argument e in favor of option oo. Assume also that this
argument is incomparable to the other arguments of this agent, thus e € H(o2),
R; = Rp®, Rl, = R, R, = RoU{(a1,e), (e,a1), (az,€), (e,az)}, Def} = Defy,
Def], = Def,,, Def] = Def, U {(a1,e), (e,a1), (az,e),(e,a2)}. The attacks (in
the sense of Def ) between the arquments of this argumentation framework are
depicted in picture below.
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The new grounded extension is GE = {b1}. Note that this new argument has an
impact on the acceptability of the previous arguments. Namely, Sc(AF @ e) =
{b1} and Rej(AF®) = {a1, az, as, e}. Consequently, O = O, = {01,02}.

The previous example shows that the arrival of a new argument may influence
the status of existing arguments. For instance, the two arguments a; and as
were accepted in AF and became rejected when e is received. However, the
status of b; has not changed. The following result shows that new practical
argument will never influence the status of epistemic ones. The reason is that
practical arguments are not allowed to attack epistemic ones. Formally:

Property 14 Lete be a new practical argument. It holds that Sc(AF Ge)NA, =
Sc(AF) N Ayp.

As can be checked in Example 5, this result is not true for the practical
arguments of the set A,. However, this result holds in one particular case: when
the new argument is defeated by a skeptically accepted epistemic argument. In
this case, the argument e is clearly useless.

3R}, R}, and R/, denote the new attack relations after the new argument has arrived.

10



Property 15 Let e be a new practical argument. If (3a € A, N Sc(AF)) such
that (a,e) € Def then Sc(A®e)NA, =Sc(AF) N A,.

From the two above properties, the following trivial result holds:

Property 16 Let e be a new practical argument. If (3a € Ap N Sc(AF)) such
that (a,e) € Def then Sc(A @ e) = Sc(AF).

It can be shown that each skeptically accepted practical argument can be de-
fended either by an epistemic argument or by another practical argument that
supports the same offer. Before presenting formally this result, let us first in-
troduce a notation. Recall that Sc(AF) = |J;=, F(0). Let Sc*(AF) = F(0)
and let (Vi € {2,3,...}) Sc'(AF) denote F@ () \ FE~1((), i.e., the arguments
reinstated at step 1.

Property 17 Let o € O, a; € H(o), a; € Sc'(AF) and z € A such that
(x,a;) € Def.

1. If x € Ay then (35 € {1,2,3,...}) (j < i) A (3a; € A, N ScI(AF))
(aj,x) € Def,

2. Ifv e A, then (35 € {1,2,3,...}) (j <i) A (3a; € (A4,UH(0))NScI (AF))
(aj,x) € Def.

The following result states that a new practical argument will never influence
the accepted arguments supporting the same offer as the new argument e.

Theorem 1 Let e be a new argument such that Conc(e) = o. Then, (Va € H(o))
a €8c(AF) = a€Sc(AF de).

We can also show that if the new practical argument e induces a change in
the status of a given practical argument from rejection to acceptance, then
this argument supports the same offer as e. This means that a new practical
argument can improve the status of arguments supporting its own conclusion,
thus it can improve the status of the offer it supports. However, it can never
improve the status of other offers.

Theorem 2 Let o € O, and a € H(0). If a € Rej(AF) and a € Sc(AF D e),
then e € H(o).

Before continuing with the results on the revision of the status of offers, let us
define the set of arguments defended by epistemic arguments in AF.

Definition 6 (Defense by epistemic arguments) Let AF = (A,Def) be an ar-
gumentation system and a € A. We say that a is defended by epistemic ar-
guments in AF and we write a € Dbe(AF) iff (Vo € A) (v,a) € Def =
(Ja € Sc(AF)N Ap) (o, z) € Def.

11



Example 6 Let O = {o1,02} be the set of offers, Ay = {b1,ba} set of epis-
temic arguments and A, = {a1,a2,a3,a4} a set of practical arguments. Let
the following attacks hold between the arguments: Ry = {(b1,b2)}, Ry =
{(b2,a3)}, Ro = {(x,y) | z,y € A, A Conc(x) # Conc(y)}. Let us also sup-
pose that we have the following preference relations: >p= {(b1,b1), (b2,b2)}, >,
{(a1,a1), (a2, az), (a2, a3), (a3, a3), (a3, as), (as, a1), (a2, as), (a2, a1), (as,a1))}. Re-
call that we suppose that all the epistemic arguments are preferred to practi-
cal ones, i.e. >p= {(z,y) | v € Ay Ny € A,}. Let H(o1) = {a1,a2,a3}
and H(o2) = {as}. Now, we can compute the defeat relations, and obtain:
Def, = {(b1,b2)}, Def,, = {(b2,as3)}, Def, = {(aq,a4), (as,as), (as,a1)}. The
attacks (in the sense of Def ) between the arguments of this argumentation frame-
work are depicted in picture below.

N0

It can be checked that Sc(AF) = {a1, az,as,b1}. Note that Dbe(AF) = {b1,az,as}.

Note that, since elements of Sc!(AF) are not attacked at all, they are also
defended by epistemic arguments, i.e. Sc!(AF) C Dbe(AF). As a consequence,
the set of arguments defended by epistemic arguments is skeptically accepted.

Property 18 It holds that Dbe(AF) C Sc(AF).
The following example shows that the converse is not true.

Example 7 (Ezample 6 cont.) We have already seen that Dbe(AF) = {b1,az,a3}.
Note that the argument aq is skeptically accepted, but is not defended by epis-
temic arguments.

Given an offer which is accepted in the system AF, it becomes rejected in the
new system AF @ e if three conditions are satisfied: e is not in favor of the
offer o, there is no skeptically accepted epistemic argument that defeats e, and
e defeats all the arguments in favor of offer o that are defended by epistemic
arguments.

Theorem 3 Let 0 € Oy (AF) and let e be a new practical argument. o €
O,(AF@e) iffe ¢ H(o) A (Bx € AyNSc(AF)) (x,¢e) € Def A (Va € Dbe(AF)N
H(0)) (e,a) € Def.

This result is important in a negotiation. It shows the properties of a good
argument that may kill an offer that is not desirable for an agent.
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Similarly, we can show that it is possible for an offer to move from a rejection
to an acceptance. The idea is to send a practical argument that supports this
offer and that is accepted in the new system. Formally:

Theorem 4 Let 0o € O.(AF) and let e be a new practical argument. o €
O AF @e) iff e€ H(o) A e € Sc(AF de).

4 Revising offer status in complete decision sys-
tems

In [1], another variant of decision system has been used in a negotiation context.
The main difference with the system presented in the previous section is that
not only arguments in favor of different options are conflicting, but also those
in favor of the same offer. The idea behind this assumption is that the decision
system should return the “best” offer as well as the “best” argument in its favor.
This class of decision systems is called “complete” system. Formally, the attack
relation R, is defined as follows:

(Va,a’ € R,) (a,d’) € R,

For the sake of simplicity, in the rest of this section we assume that the set A,
of epistemic arguments is empty. The decision system that will be used is thus
AF, = (A,,Def,). The general case (i.e., Ay # 0) will be the subject of future
work.

In this section, we assume that the status of arguments is evaluated using
preferred semantics.

The status of each argument in this system can be characterized as follows:

Property 19 Let AF, = (A,,Def,) be a complete argumentation framework
for decision making, and a be an arbitrary argument. Then:

1. a is skeptically accepted iff (Vx € A,) (a,x) €>,.
2. a is rejected iff (x € A) (z,a) €>,.

3. a is credulously accepted iff
(B’ € 4) (a.2') ¢20) A (Vo € A) ((a,2) £20) = (v,a) £2.)).

The next property highlights the link between argument status and option
status.

Property 20 The following equivalences hold.

1. There is at least one skeptically accepted argument iff there is at least one
acceptable offer.

2. There is at least one credulously accepted argument iff there is at least one
negotiable offer.

13



If an argument a is rejected, then there is some argument x such that x
defeats a and a does not defend itself. The next property shows that arguments
that defeat a cannot be all rejected.

Property 21 Let AF, = (A,,Def,) be a complete argumentation framework
for decision making and a € A,. If a € Rej(AF,) then (3z' € A,) such that
' ¢ Rej(AF,) A (2/,a) €>,.

The next property proves that if there is exactly one non-rejected argument,
then it is skeptically accepted. This result is important because it guaranties
that it cannot be the case that all the options are rejected.

Property 22 Let AF, = (A,,Def,) be a complete argumentation framework
for decision making and a € A,. If A, \ {a} CRej(AF,) then a € Sc(AF,).

It can be checked that all skeptically accepted arguments in this system are
equally preferred.

Property 23 Let a,b € Sc(AF,). Then (a,b) €>, and (b,a) €>,.

We will now prove that in this particular system, there are two possible cases:
the case where there exists at least one skeptically accepted argument but there
are no credulously accepted arguments, and the case where there are no skepti-
cally accepted arguments but there is “at least” one credulously accepted argu-
ment. This means that one cannot have a state with both skeptically accepted
and credulously accepted arguments. Moreover, it cannot be the case that all
the arguments are rejected. Formally:

Theorem 5 Let AF, = (A,,Def,) be an argumentation system. The following
implications hold:

1. If Sc(AF,) # 0 then Cr(AF,) = 0.
2. If Cx(AF,) = 0 then Sc(AF,) # 0.

We will now show that an arbitrary argument z is in the same relation with all
accepted arguments. Recall that we use the notation (z,a) € ® to refer to one
particular relation between the arguments x and a.

Property 24 Let x be an arbitrary argument.
If (3a € Sc(AF,)) such that (a,x) € © then (Va' € Sc(AF,)) (d,x) € .

Let us now have a look at credulously accepted arguments. While all the skep-
tically accepted arguments are in the same class with respect to the preference
relation >,, this is not always the case with credulously accepted arguments.
The next property shows that credulously accepted arguments are either incom-
parable or indifferent with respect to >,.

Property 25 AF, = (A,,Def,) be an argumentation system and Cr(AF,) its
set of credulously accepted arguments. Then (Ya,b € Cr(AF,) it holds that

((a,0) €20 A(b,a) €2,) V ((a,) 20 A(b;a) E20).
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The next property shows that if a’ is credulously accepted then there exists
another credulously accepted argument a” such that they are incomparable in
the sense of preference relation.

Property 26 Let AF, = (A,,Def,) be an argumentation system for decision
making, and Cr(AF,) # 0. Then it holds that: (Vo' € Cr(AF,)) (3a” €
Cr(AF,)) (d',a") ¢>, A (a”,d") ¢>,.

The next property will make some reasoning easier, because it shows that, in
this particular framework, the definition of negotiable offers can be simplified.

Property 27 Let o € O. The offer o is negotiable iff there is at least one
credulously accepted argument in its favor.

As a consequence of the above properties, the following result shows that
negotiable offers and acceptable ones cannot exist at the same time.

Theorem 6 Let AF, = (A,,Def,) be a complete argumentation framework for
decision making. The following holds: O, # 0 < O, = 0.

4.1 Revising the status of an argument

Like in the previous section, we assume that an agent receives a new practical
argument e. The question is, how the status of an argument given by the system
AF, may change in the system AF @ e without having to compute the preferred
extensions of AF, @ e.

The first result states that rejected arguments in AF, remain rejected in the
new system AF, ® e. This means that rejected arguments cannot be ”saved”.

Property 28 Let AF, = (A,,Def,) be an argumentation system. If a €
Rej(AF,), then a € Rej(AF, D e).

We can also show that an argument that was credulously accepted in AF, can
never become skeptically accepted in AF, ®e. It can either remain credulously
accepted, or become rejected.

Property 29 Let AF, = (A,,Def,) be an argumentation system. If a €
Cr(AF,), then a ¢ Sc(AF, De).

The next property is simple but will be very useful later in this section.

Property 30 Let AF, = (A,,Def,) be an argumentation system for decision
making.

1. If a € Sc(AF,) then a € Sc(AF, De) iff (a,e) €>,.
2. If a ¢ Rej(AF,) then a € Rej(AF, ®e) iff (e,a) €>,.

The next property shows that all the skeptically accepted arguments will have
the “same destiny” when a new argument is received.
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Property 31 Let AF, = (A,,Def,) be an argumentation system and a,b €
Sc(AF,). Lete ¢ A,.

1. If a € Sc(AF, @ e) then b € Sc(AF, De).
2. Ifa € Cx(AF, @ e) then b € Cr(AF, D e).
3. Ifa € Rej(AF, D e) then b € Rej(AF, De).

The next theorem analyzes the status of all skeptically accepted arguments after
a new argument has arrived.

Theorem 7 Let AF, = (A,,Def,) be a complete argumentation framework for
decision making, a € Sc(AF,) and e ¢ A,. The following holds:

1. a € Sc(AF,®e) N e € Sc(AF, De) iff
((a,€) €20) A ((e,a) €20)

2. a €Rej(AF,De) Ne€Sc(AF,De) iff (e,a) €>,
3. ac€Sc(AF,®e) AN e€Rej(AF, De) iff (a,e) €>,

4. a € Cr(AF,De) Ne€Cr(AF, De) iff
((a,€) €20) A ((a,€) €20)

Note that, according to Property 24, all skeptically accepted arguments are in
the same relation with e as a is. Formally, if ¢ and e are in a particular relation
ie. (a,e) € ®, then (Vb € A,) ((b € Sc(AF,)) = (b,e) € ®). Hence, the condi-
tion “let @ € Sc(AF,) and (a,e) € ®” in the previous theorem is equivalent to
the condition (Va € A,) ((a € Sc(AF,)) = (a,e) € ®).

Theorem 7 stands as a basic tool for reasoning about the status of new ar-
guments as well as about the changes in the status of other arguments. Once
the argument status is known, it is much easier to determine the status of offers.

We will now analyze the relation between credulously accepted arguments and
new arguments. The next result shows that if there are credulously accepted
arguments in AF, and the new argument e is preferred to all of them, then it
is strictly preferred to all of them.

Property 32 Let AF, = (A,,Def,) be an argumentation system such that
Cr(AF,) # 0. The following result holds: ((Va € Cr(AF,)) (e,a) €>,) iff
((Va € Cx(AF,)) (e,a) €>,).

Property 33 Let AF, = (A,,Def,) be and argumentation system s.t. Cr(AF,) #
(. The following holds: ((Va € Cr(A,)) a € Rej(4, @ e)) iff (Va € Cr(4,))
(e,a) €>,).

The next theorem analyzes the case when there are no skeptically accepted
arguments in AF,.
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Theorem 8 Let AF, = (A,,Def,) be an argumentation framework such that
Cr(AF,) #0. Then, the following holds:

1. (Va € Cx(AF,)) (e,a) €>, iff e € Sc(AF, De) N A, =Rej(AF, De).

2. (Ja € Cr(AF,)) (e,a) ¢>, A (fa’ € Cr(AF,))
(a',e) €>, iff e € Cx(AF, De)

3. (3a € Cr(AF,)) (a,e) €>, iff e € Rej(AF,®e) N A, =Cr(AF,De) .

Recall that, according to Property 32, the condition (Va € Cr(AF,)) (e,a) €>,
in the previous theorem is equivalent to the condition (Va € Cr(AF,)) (e,a) €>,.
While all the skeptically accepted arguments have the “same destiny” after a
new argument arrives, this is not the case with credulously accepted arguments.
Some of them may remain credulously accepted while the others may become
rejected.

4.2 Revising the status of an offer

We will now show under which conditions an offer can change its status. We
start by studying acceptable offers.

Theorem 9 Let AF, = (A,,Def,) be an argumentation system and o € Oy (AF,).
Suppose that a € Sc(AF,) is an arbitrary skeptically accepted argument. Then:

1. 0 € Oy (AF, @e) iff
((a,e) €245) V (e € H(0)) A ((e,a) €>,)

2. 0€ O,(AF, D e) iff
((a,€) €25) A ((e,a) £20))

3. 0€ O (AF, @ e) iff
(e ¢ H(0)) A (e,a) €>,)

Recall that, according to Property 24, all skeptically accepted arguments
are in the same relation with an arbitrary argument. Hence, the condition
(Ja € Sc(AF,)) (a,e) € ®) in the previous theorem is equivalent to the condi-
tion (Va € Sc(AF,)) (a,e) € ®).

A similar characterization is given bellow for negotiable offers.

Theorem 10 Let AF, = (A,,Def,) be an argumentation system and o €
O, AF. Then:

1. 0 € Ou(AF, ®e) iff
(e € H(0)) A ((Va € Cx(A,)) (e,a) €>)

2. 0€ O,(AF, D e) iff
((e € H(0)) A (o’ € Cx(AF,)) (e,a’) ¢>, A
(Fa" € Cr(AF,)) (a”,e) €>,)
\Y
((3a’ € Cx(AF,)) (' € H(o) A (e,a’) €>,))
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3. 0€ Op(AF, ®e) iff ((e ¢ H(o)) A
((Va € Cr(AF,)) (a € H(0)) = (e,a) €>,)).

Note that, according to Property 32, the condition (Va € Cr(A,)) (e,a) €> in
the previous theorem is equivalent to condition (Va € Cr(AF,)) (e,a) €>,.
Let us now analyze when a rejected offer in AF, may change its status in

AF @ e.

Theorem 11 Let AF, = (A,,Def,) be an argumentation system and o €
O.(AF). Then:

1. 0€ O (AF, @ e) iff

(e € H(0)) A ((Va € Ap) (e,a) €>,)
2. 0€ Op(AF, ®e) iff

e € H(0)) A ((Va € A,) (a,e) ¢>,) A ((Fa € A,) (e,a) ¢>,)
3. 0€ O(AF, ®e) iff

e ¢ H(o)) V ((e € H(0)) A (Fa € A,)(a,e) €>)

5 Conclusion

This paper has tackled the problem of revising an offer status in argument-based
negotiations. As already said in the introduction, during a negotiation an agent
may receive, in addition to offers, arguments. These arguments may have a
great impact on the preferences of this agent. By preferences here we mean its
ordering of the set of all possible offers.

To the best of our knowledge, in this paper we have proposed the first inves-
tigation on the impact of a new argument on the preferences of an agent. The
basic idea is to check when the status of an offer may shift when a new argu-
ment is received without having to compute the whole new ordering on offers.
For that purpose, we have considered a decision model that has recently been
proposed in the literature. This model computes a status for each offer on the
basis of the status of their supporting arguments. We have studied two cases:
the case where an offer may be supported by several arguments and the case
where an offer is supported by only one argument. In both cases, we assumed
that the new argument is practical, i.e. it supports an offer. We have provided
a full characterization of acceptable offers that become rejected, negotiable or
remain accepted. Similarly, we have characterized any shift from one status to
another. These results are based on a characterization of a shift of the status
of arguments themselves.

These results may be used to determine strategies of a negotiating agent,
since at a given step of a dialog an agent has to choose an argument to send
to another agent in order to change the status of an offer. Moreover, they may
help to understand which arguments are useful and which ones are useless in a
given situation, which allows us to understand the role of argumentation in a
negotiation.
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Note that a recent work has been done on revision in argumentation systems
in [4]. That paper addresses the problem of revising the set of extensions of an
abstract argumentation system. It studies how the extensions of an argumen-
tation system may evolve when a new argument is received. Nothing is said
on the revision of a particular argument. In our paper, we are more interested
by the evolution of the status of a given argument without having to compute
the extensions of the new argumentation system. We have also studied how
the status of offers change when a new argument is received. Another main
difference with this work is that in [4] only the case of adding an argument hav-
ing only one interaction with an argument of the initial argumentation system
is studied. In our paper we have studied the more general case, i.e. the new
argument may attack and be attacked by an arbitrary number of arguments of
the initial argumentation system.
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Appendix
Property 1 Let AF = (4, R) be an argumentation framework, and &1,...,&,
its extensions under a given semantics. Let a € A.
1. a is skeptically accepted iff a € (I, &;.
2. ais rejected iff a ¢ i, &
Proof Proof follows directly from Definition 4. |

Property 2 Let AF = (A, R) be an argumentation framework and Sc(AF),
Cr(AF), Rej(AF), its sets of arguments.

1. Sc(AF)NCr(AF) =0, Sc(AF) NRej(AF) =0, Cr(AF) NRej(AF) =0
2. Sc(AF) UCK(AF) URej(AF) = A.

Proof Let AF = (A,R) be an argumentation framework
1. Let us prove that three sets mentioned above are pairwise disjoint.

(a) Assume that Sc(AF) NCr(AF) # 0. So, there exists an argument a
such that a € Sc(AF) and a € Cr(AF). Since a € Cr(AF) then there
exists an extension &; such that a € £; and there exists an extension
E; such that a ¢ £;. Since a € Sc(AF), then a is in all extensions.
In particular, a € €;. Contradiction.

(b) Assume that Sc(AF)NRej(AF) # 0. So, there exists an argument a
such that a € Sc(AF) and a € Rej(AF). Since a € Rej(AF) then for
all extensions &;, a & &;. Since a € Sc(AF) then there exists at least
one non-empty extension and a is in all extensions. Contradiction.
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(¢) Assume that Cr(AF) NRej(AF) # 0. So, there exists an argument
a such that a € Cr(AF) and a € Rej(AF). Since a € Rej(AF) then
for all extensions &;, a ¢ &;. Since a € Cr(AF) then there exists an
extension &; such that a € &;. Contradiction.

2. The inclusion Sc(AF) U Cr(AF) URej(AF) C A is trivial. Let us now
assume that a € A. If the argumentation system AF = (A, R) has no
extensions then a is rejected i.e. a € Rej(AF).

Let us now assume that there are exvactly n extensions &1,...,Ey,, with
n > 1. There are three possible cases.

(a) a € i, &. This means that a € Sc(AF).

(b) There is at least one extension &; such that a € &; and there is at
least one extension &; such that a ¢ E;. In this case, a is credulously
accepted, i.e. a € Cr(AF).

(¢c) a ¢ \J:,E. This means that a € Rej(AF).

Property 3 An offer o € O is non-supported iff H(o) = 0.

Proof Let o € O. Let us assume that H(o) # 0. This means that there are
two possibilities:

1. all the arguments are rejected, consequently the offer is rejected

2. there exists at least one argument, say a, which is not rejected. Since a is
not rejected, then:

(a) a is skeptically accepted. This means that o is accepted.

(b) a is credulously accepted. This means that the offer o is negotiable.
|

Property 5 Let k,n e N, 1 <k <n. Let Ay, ..., A, be arbitrary sets. Then:

* n?=1 A4; C ﬂle A;

i Uf=1 Ai € U?=1 A
In the particular case where n > 1 and k = 1, we have:

d ﬂ?:l Ai €A

o A C U?:l A;

Proof Letn and k be arbitrary but fized integers which satisfy the condition
1<k <n.
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e Let us prove the inclusion (\;_, A; C ﬂle A;. Suppose x € (), Ai.
This means that (x € A)AN...AN(z € A) AN...A(z € A,). So, (x €
AN A (€ Ag), and, consequently, x € ﬂle A;.

e Let us prove the inclusion Ule A; C UL, A;. Suppose x € Ule A
This means that (x € A1)V ...V (v € Ag). So, (v € A}) V...V (x €
Ap) V...V (z € Ay), and, consequently, x € |J;_, A;.

|
Property 6 Let O be a set of options. 0%¢ = ().

Proof Let&,...,E, be the admissible extensions of (A,Def). Let us assume
that O # (). So, Jo € O such that o € 0. This means that Ja € H(o)
such that a is skeptically accepted. According to Property 1, we have a € (i, &;.
However, one can easily see that the empty set is always an admissible extension.
This means that 3&; = 0, with 1 < i < n. Since & = 0, we have (), & = 0.
Contradiction with the fact that a € (", &;. |

Property 7 Let O be a set of options. The equality OJ = Of holds.

Proof Let (A,Def) be an argumentation system. Let GE be its grounded exten-
sion and &1, ...,E, its complete extensions.

We will show that O3 C O%. Let o € O. Let us assume that o € OJ and
o ¢ O%. Since o € O, then 3a € H(o) such that a is skeptically accepted under
grounded semantics. Thus, a € GE. Since o ¢ OS then Yo' € H(o) o’ is not
skeptically accepted with respect to complete semantics. According to Property
1, (Va' € H(o)) o ¢ Ny &. In [5], it has been shown that the grounded
extension is exactly the intersection of all complete extensions. So, it holds that
N, & = GE. Thus, (Va' € H(o)) o’ ¢ GE, hence a ¢ GE. Contradiction.

We will now show that O C O9. Let o € O. Let us assume that o € OF and
o ¢ OY. Since o € O, then Ja € H(o) such that a is skeptically accepted under
complete semantics. Thus, a € (i, &. Since o ¢ O then (Va' € H(o)) o’ is
not skeptically accepted with respect to grounded semantics. So, (Va' € H(0))
a ¢ GE. In [5], it has been shown that the grounded extension is exactly the
intersection of all complete extensions, i.e., (i, & = GE. Thus, (Va' € H(o))
a' & N, &, hence a ¢ i, &. Contradiction.

Since O C Of and O5 C O, we have O = O5. |

Property 8 Let O be a set of options. The inclusion O¢ C OF holds.

Proof Let (A,Def) be an argumentation system. Let GE be its grounded exten-
sion and &1, ..., &, its preferred extensions. Let o be an option and H(o) its set
of arguments. Since o is accepted under grounded semantics then there exists
an argument a € H(o) such that a is in the grounded extension. In [5], it has
been shown that the grounded extension is the subset of the intersection of all
preferred extensions. Since, a € GE then a € (;_, &. So there is at least one
skeptically accepted argument in favor of the option o under preferred semantics,
which means that o is accepted under preferred semantics. |
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Property 9 Let O be the set of options, and let AF = (A,Def) be the argu-
mentation system for rank-ordering elements of O.

1. If AF has no stable extensions, then O = @) and O3 C OF.
2. If AF has stable extensions, then OF C O3.
Proof

1. If AF has no stable extensions then there are no skeptically accepted ar-
guments under stable semantics, thus there are no accepted options under
this semantics.

2. Let us now assume that &1, . . ., Ey, are stable extensions of AF and Epy1,y ...y Entk

are preferred extensions that are not stable. In [5], it has been shown that
every stable extension is preferred. Since &, ...,E, are stable, these are
also preferred. According to Property 5, ﬂ"Jrk A C N, Ai, thus the set
of skeptically accepted arguments under preferred semantics are a subset of
the set of skeptically accepted arguments under the stable one. Let us now
assume that o € O such thato € OF ando ¢ O;. Since o € OF this means
that (3a € H(0)) such that a € ﬂ"Jrk A;. But, since (\[11F A; € N, Ay,
then a € (_, A;. Thus, a is skeptically accepted under the stable seman-
tics and o € O

|
Property 10 Let O be a set of options. It holds that:
. 0% =0 =0p
2. 0P C 0.
Proof
1. OL, = O. Let &1, ...,E, be the complete extensions. One can easily see
that every complete extension is admissible, so &1, ..., &, are also admissi-
ble extensions. However, there can exist one or more admissible extensions
which are not complete. So, let E1,...,En,...,Entk be all admissible ex-
tensions, i.e. &1,...,E, are complete and admissible and Epy1, ..., Entk

are admissible but not complete. Here, we have k > 0.
We will show that 024 C O¢. Let o € O. Let us assume that o € 0% and
o ¢ OS. Since o € 02, then (Va € H(0)) a is rejected under admissible

semantics. According to Property 1, (Ya € H(0)) a ¢ U"Jrké‘ Since
o ¢ O¢ then 3a’ € H(o) such that a’ is not rejected with respect to com-
plete semantics. According to Property 1, o’ € \J;_, &. But, according to

Property 5, U, & C U"+k€ So, if 3a’ € H(o) such that o’ € |J;_, &,
then 3a’ € H(o) such that a’ € UnJrk &;. Contradiction with the fact that
(Va € H(0) a ¢ UL &
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We will now show that O¢ C 0. Let o € O. Let us assume that o € OF
and o ¢ 0. Since o € OF, then (Ya € H(0)) a is rejected under complete
semantics. Thus, (Ya € H(o)) a ¢ U}, . Since o ¢ O then 3a’ € H(o)
such that a’ is not rejected with respect to admissible semantics. According
to Property 1, a’ € Ufjlk &. So, if d € U?jlk & and o ¢ \J_ & then

U?jfﬂ Ei. Thus 3&; withn+1 < j <n+k such that a’ € & and &; is
an admissible extension but not a complete one. In [5], it has been shown
that every admissible extension is contained in some complete extension.
Hence, there exists a complete extension &, with 1 < k < n such that
& C&. So, d' € &;. Consequently, o’ € |J;_, &. Contradiction with the
fact that (Va € H(0)) a ¢ Ui, &:.

Since 0% C O¢ and O¢ C 0%, we have 0% = OF.

r o

. Of = 0P, Let &,...,Ey, be the preferred extensions. One may easily see
that every preferred extension is complete, so &1, ...,Ey, are also complete
extensions. However, there can exist one or more complete extensions
which are not preferred. So, let E1,...,&E, ..., Envr be all complete exten-
sions, i.e. &1,...,E, are complete and preferred and Enq1,. .., Enyk are
complete but not preferred. Here, we have k > 0.

We will show that OF C OF. Let o € O. Let us assume that o € Of and
o ¢ OP. Since o € OF, then (Va € H(0)) a is rejected under complete
semantics. According to Property 1, (Va € H(0)) a ¢ U?:Jrlk Ei. Since
o ¢ O then 3a’ € H(o) a’ is not rejected with respect to preferred seman-
tics. According to Property 1, o’ € |J;_, &. But, according to Property 5,
U, & < U?:lk &. So, if 3a’ € H(o) such that o’ € |J;—, &, then Ja’' €
H(o) such that o’ € 1) &. Contradiction with the fact that (Ya € H(o))
a ¢ U?jlk &i. We will now show that OF C Of. Let o € O. Let us assume
that o € OF and o ¢ Of. Since o € OF, then (Ya € H(0)) a is rejected
under preferred semantics. Thus, (Ya € H(0)) a ¢ U, &. Since o ¢ O
then Ja’ € H(o) such that a' is not rejected with respect to complete se-
mantics. According to Property 1, a’ € Ur.jlk E;. So, ifd € U?jlk & and

(2

a ¢, & then U?::H Ei. Thus 3E; with n+1 < j <n+k such that
a' € & and & is a complete extension but not a preferred one. In [5],
it has been shown that for every complete extension A, there exists a pre-
ferred extension B such that A € B. So, there exists a preferred extension
Ek, with 1 < k < n such that & C &. So, o' € &;. Consequently,
a € Ui, &. Contradiction with the fact that (Va € H(o)) a ¢ U;_, .
Since OF C OF and OF C OF, we have OF = OF.

. OP C OF. Let &1, ...,E, be the preferred extensions, and GE the grounded
extension.

Let 0o € O. Let us assume that o € OF and o ¢ OJ. Since o € OF, then
Va € H(o) a is rejected under preferred semantics. According to Property
1, (Va € H(0)) a ¢ U, &. Since o ¢ OY then Ja' € H(o) a’ is not re-
jected with respect to grounded semantics. Since there is always exactly one
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grounded extension, a’ € GE. In [5], it has been shown that grounded exten-
sion is a subset of the intersection of all preferred extensions. So, a’ € GE
implies a’ € ﬂ:.;l E;. There is always at least one preferred extension, i.e.
i > 1. Consequently, a’ € & . According to Property 5, &1 C |, &. So,
if ' € & then o' e U!_, &. Thus, o' € U;_, &. Contradiction with the
fact (Va € H(0)) a & Ui, & .

Property 11 Let O be the set of options, and let AF be the argumentation
system.

1. If AF has no stable extensions, then O; = O, i.e. all the options are
rejected.

2. If AF has stable extensions, then O C O; C 09Y.
Proof

1. If AF has no stable extensions then there are no skeptically accepted ar-
guments under stable semantics, thus there are no accepted options under
this semantics.

2. We will show that if there is at least one stable extension, then OF C O;.

Let us assume that &y, . . ., &, are stable extensions of AF and Epq1, ... Entk
are preferred extensions that are not stable. One may easily see that ev-
ery stable extension is also a preferred one. Since &1,...,E, are stable,
these are also preferred. So, stable extensions are &1,...,E, and preferred
extensions are E1, ..., Entk-

Let us now assume that o € O such that o € OF and o ¢ OF. Since 0 €
OP | then (Va € H(0)) a is rejected under preferred semantics. According to
Property 1 we have (Ya € H(0)) a ¢ U?:lk A;. Since o ¢ OF, then (3a’ €
H(o)) a’ is not rejected under stable semantics. According to Property
1 we have (3a’ € H(o)) such that o’ € |J;_, A;. According to Property
5, Uy A € UMF A, So, with o € U, A, we have o' € U/ 4.

Contradiction with the fact that (Va € H(0)) a ¢ Uf:lk A;. So, OF C O:.

We will now show that if there is at least one stable extension, then

O; C 04,

Let us assume that &1, . . ., &, are stable extensions of AF and Epq1,. .. Entk
are complete extensions that are not stable. It is easy to see that every sta-
ble extension is also a complete one. Since £1,...,E, are stable, these are
also complete. So, stable extensions are &1,...,E, and complete exten-
sions are E1, ..., Entk-

Let us now assume that 3o € O such that o € OF and o ¢ OI. Since
o € OF, then (Ya € H(0)) a is rejected. According to Property 1 we have
(Va € H(0)) a ¢ Ui, A;i. Since o ¢ OF, then (3a’ € H(o0)) such that a’
is not rejected under grounded semantics. Thus, (3a’ € H(0)) such that
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Property 13 04 =0 C O

a’ € GE. In [5], it has been shown that grounded extension is the inter-
section of all complete extensions. Hence, if a' € GE then o’ € ﬂf:lk A;.
So, a’ € ﬂ;jlk A;. According to Property 5, ﬂ;jlk A; €N A Conse-
quently, a’ € (;_, A;. Recall that we supposed that 3€; such that & is
a stable extension, i.e. m > 1. According to Property 5, ' € (i_, A;
implies a' € &1. using the same property one more time, a' € & implies
o €U, Ai. Contradiction with the fact (Ya € H(o0)) a ¢ J;—, Ai. So,
03 C o

|

Proof

09 = 0. Let us suppose that OF # 0. So, Jo € O such that Ja € H(o) such
that a is credulously accepted. According to Definition 4, 3E; such that
a € & and 3&; such that a ¢ &;, where & and &; are different grounded
extensions. But, there is always exactly one grounded extension GE. So,
& = &; = GE. Thus, we have a € GE and a ¢ GE. Contradiction.

09

n

C O%. Since OF =0, then O C Of.

O C Ob. Let o € O and assume that o ¢ OF. Since o € OF then
Ja € H(o) such that a is credulously accepted. So, there exist two sta-
ble extensions S;,S; such that a € S; and a ¢ S;. One may easily see
that every stable extension is a preferred one. Hence, S; and S; are also
preferred extensions. Consequently, a € OF.

OP C O%. Let o € OP. This means that Ja € H(o) such that there
exist two preferred extensions S;, S; such that a € S; and a ¢ S;. How-
ever, since every preferred extension is a complete one, S; and S; are also
complete extensions. Thus, o € OF,.

0f C O, Let o€ OF. So, Ja € H(o) such that there exist two complete
extensions S;, Sj such that a € S; and a ¢ Sj. On the other hand, it is
easy to see that every complete extension is admissible. Since S; and S;
are complete, they are also admissible extensions. Thus, o € 0%,

Property 14 Let e be a new practical argument. It holds that Sc(AF ®e)NA, =
SC(.A}—) N Ap.

Proof Leta € Ay such that a € Sc(AF) and a € Rej(AF @ e). We will prove

that:
1.
2.

(Fi € {1,2,3,...}) (3a; € Sc*(AF) NRej(AF de)N Ap)

if (3i € {2,3,...}) (Ja; € Sc'(AF) NRej(AF @ e) N Ay) then (35 €
{1,2,3,...}) (4 <1i) A (3a; € Sc/(AF) NRej(AF S e) N Ap).
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Note that the 1 is already proved. Let us now prove 2. Suppose that (Ji €
{2,3,...}) (3a; € Sc*(AF) NRej(AF @ e) N Ay). Since a; € Rej(AF @ e)
then (3x € AU {e}) (v,a;) € Def A (Pb € Sc(AF ©e)) (b,x) € Def. Note
that from a; € Ay and (x,a;) € Def we conclude that x € A,. Since e is
practical, then x # e. Thus, © has already existed before the agent has received
the argument e. This implies (3x € Ap) (v,a;) € Def. From a; € Sc'(AF)
we conclude that some skeptically accepted argument defends argument a;, i.e.,
(3j € {1,2,3,...}) (j <i) A (3a; € SSI(AF) N Ap). Since (Fb € Sc(AF @ e))
(b, z) € Def it must be that a; € Rej(AF @ e). So, we proved 2. From 1 and 2
we obtain that: Ja; € Sc' (AF) NRej(AF @ e) N Ap. Hence, ay is not defeated
in AF and it is defeated in AF @ e. So, (e,a1) € Def. Contradiction, since e
is practical and a is epistemic.

Let a € Ay, be an epistemic argument such that a € Rej(AF). Let us suppose
that a € Sc(AF @ e). We will prove that:

1. (3i€{1,2,3,...}) (3a; € SC'(AF @ e) NRej(AF) N Ap)

2.4f (Ji € {2,3,...}) (3a; € Sc'(AF @ e) NRej(AF) N Ap) then (Jj €
{1,2,3,...}) ( < i) A (Ja; € ST (AF @ e) NRej(AF) N Ap).

Note that the 1 is already proved. Let us now prove 2. Suppose that (Ji €
{2,3,...}) (3a; € Sc*(AF) NRej(AF) N Ap). Since a; € Rej(AF) then (Jz €
AF) (v,a;) € Def A (b € Sc(AF) (b,x) € Def. Since (z,a;) € Def and
a; € Ay then x € Ay. But a; € Sc'(AF) implies that (3j € {1,2,3,...}) (j < i)
A (3a; € ScI(AF ®e)NAy) A (aj,z) € Def. From (aj,z) € Def and x € Ap, we
have that a; is also epistemic (since practical arguments cannot attack epistemic
ones). The fact that a; € Ay and e is practical implies that a; # e. Thus, a;
existed before agent has received the new argument e. Since (Ab € Sc(AF))
(b,z) € Def then a; € Rej(AF). Now we have proved 1 and 2. From 1 and
2 we have directly the following: (3a; € Sc'(AF @ e) NRej(AF) N A,). From
a1 € Sc'(AF @e) we have (By € AU{e}) (y,a1) € Def and from a; € Rej(AF)
we have (Jy € AF) (y,a1) € Def. Contradiction. |

Property 15 Let e be a new practical argument. If (3a € Ap U Sc(AF)) such
that (a,e) € Def then Sc(A @ e) N A, = Sc(AF) N A,.

Proof According to Property 14, argument a € A, will remain skeptically ac-
cepted, a € Sc(AF @ e). Since e is in conflict with a and a 1is in grounded
extension, e cannot be in extension, since every extension is conflict-free. So, e
is rejected, e € Rej(AF D e).

We will now prove that Sc(AF) C Sc(AF Ge). Suppose not. Then (Ib € A)
b e Sc(AF) AN beRej(AF de). We will prove that:

1. (3i€{1,2,3,...}) (3a; € Sc*(AF) NRej(AF @ e))

2. if (Ji € {2,3,...}) (Jai € Sc(AF)NRej(AF De)) then (Jj € {1,2,3,...})
(j <i) A (Jaj € SCI(AF) NRej(AF ®e)).
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Note that the 1 is already proved. Let us now prove 2. Suppose that (Ji €
{2,3,...}) (3a; € Sc'(AF)NRej(AF @e)). Since a; € Rej(AF @e) then (3x €
Au{e}) (z,a;) € Def A (b € Sc(AF@e)) (b,z) € Def. Suppose now thate = x.
But (3a € Ay USc(AF)) (a,e) € Def. Contradiction with (fb € Sc(AF @ e))
(b,x) € Def. Thus, © # e, and x was present in the system AF. Since x €
A and (x,a;) € Def, from a; € Sc'(AF) we conclude that some skeptically
accepted argument defends argument a; in AF, i.e., (35 € {1,2,3,...}) (j < 1)
A (3aj € S/ (AF) N Ap) A (aj,z) € Def. Since (fb € Sc(AF @ e)) (b, x) € Def
it must be that a; € Rej(AF @ e). So, we proved 2. As the consequence of
1 and 2 together, it holds that: 3a; € Sc'(AF) NRej(AF @ e). This means
that (b € AF) (b,a1) € Def and (Ib € U{e}) (b,x) € Def. So, b = e, i.c.,
(e,a1) € Def. Note that e is the only argument that defeats ay in AF ©e. But
(Ja € Sc(AF @e)) (a,e) € Def. Hence, ay is defended against all defeaters and,
consequently, ay € Sc(AF @ e). Contradiction.

We will now prove that Sc(AF @ e) C Sc(AF). Suppose not. Then (3a; €
AF) a; € Sc(AF @ e) A a; € Rej(AF). We will prove that:

1. (Fie€{1,2,3,...}) (a; € SC'(AF @ e) NRej(AF))

2. if (i € {2,3,...}) (a; € Sc{(AF@e)NRej(AF)) then (3j € {1,2,3,...})
(j <i) A (Jaj € SCI(AF @ e) NRej(AF)).

Note that the 1 is already proved. Let us now prove 2. Suppose that (Ji €
{2,3,...}) (3a; € Sc*(AF®e)NRej(AF)). Since a; € Rej(AF) then (3x € AF)
(z,a;) € Def A (Bb € Sc(AF) (b,x) € Def. Since (v,a;) € Def and a; €
Sci(AF @e) then (3 € {1,2,3,...}) (j <1i) A (Ja; € S/ (AF G e)NRej(AF)).
From (b € Sc(AF) (b,x) € Def we obtain that a; € Rej(AF). Now we have
proved 1 and 2. From 1 and 2 we have directly the following: (3a; € Sc'(AF @
e) NRej(AF)). From a; € Sc'(AF @ e) we have (Fy € AU{e}) (y,a1) € Def
and from ay € Rej(AF) we have (Jy € A) (y,a1) € Def. Contradiction. |

Property 17 Let o € O, a; € H(0), a; € Sc'(AF) and z € A such that
(x,a;) € Def.

1. If 2 € A, then (35 € {1,2,3,...}) (j < i) A (3a; € A, N ScI(AF))
(aj,x) € Def,

2. Ifx € A, then (35 € {1,2,3,...}) ( <i) A (3a; € (A,UH(0))NScI (AF))
(aj,x) € Def.

Proof We will first prove that if a; € H(0), a; € Sc'(AF), x € A and (z,a;) €
Def, then (35 € {1,2,3,...}) (j < i) A (3a; € (A, UH(0)) NS (AF)) (aj,z) €
Def.

Suppose the contrary, (Fj € {1,2,3,...}) (j < i) A (Ja; € H(o) U Ap)
aj € Sc/(AF) A (aj,z) € Def. Since a; is skeptically accepted and defeated,
then it is defended, so (3j € {1,2,3,...}) (j < i) A (3a; € A, \ H(0)) a; €
Sc(AF) A (aj,z) € Def. Hence, (30’ € O) (0’ # 0) and a;j € H(0'). Since both
a; and a; are in the grounded extension, there is not attack between them. Since
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a; € H(o) and a; € H(0'), with o’ # o, then (a;,a;) € R and (a;,a;) € R. So,
(ai,a;) €> and (a;,a;) €>. Suppose that (aj,x) €>. Then, using the transitiv-
ity of preference relation, one can easily prove that (a;,x) €>. Contradiction,
since (z,a;) € Def. Hence, (z,a;) € Def. We will prove that:

1. (35 € {1,2,3,...}) (3a; € (Sc/(AF) N A,) \ H(0o)) A (aj,z) € Def A
(x,a;) € Def

2.4f (35 € {2,3,...}) (Ja; € (SI(AF) N A,) \ H(o)) A (aj,x) € Def A
(z,a;) € Def then (Fk € {1,2,3,...}) (k <j) A Bax € (SF(AF)NA,) \
H(0)) A (ag,x) € Def A (z,ar) € Def

Note that we have already proved 1. Let us prove 2. Suppose that (35 €
{2,3,...}) (Ha; € (Sc/(AF) N A,) \ H(0)). Since a; is skeptically accepted and
defeated, then it is defended, so (3k € {1,2,3,...}) (k < j) A (3ar € A, \'H(0))
ar € ScF(AF) A (ay,x) € Def. Hence, (30" € O) (0" # o) and ai, € H(0").
Recall that o" # o since we have supposed that (Fm € {1,2,3,...}) (m < i) A
(Fam € H(0) UAp) am € SC™(AF) A (am,x) € Def. Since both a; and ay are in
the grounded extension, there is no defeat between them. Since a; € H(o) and
ax € H(0"), with o" # o, then (aj,ar) € R and (ag,a;) € R. So, (a;,ar) €>
and (ag,a;) €>. Suppose that (ag,x) €>. Then, using the transitivity of
preference relation, one can easily prove that (aj,x) €>. Contradiction, since
(x,a;) € Def. Hence, (x,ay) € Def. Since we have proved 1 and 2, we conclude
that (Ja1 € (Sc'(AF)N A,) \ H(o)) A (a1,z) € Def A (z,a;1) € Def. Contra-
diction since ay is defeated by x and at the same time a; € Sc! AF). So, we
have proved that if a; € H(0), a; € Sc'(AF), x € A and (v,a;) € Def, then
(37 € {1,2,3,...}) ( < i) A (Fa; € (A, UH(0)) NScI(AF)) (a;,x) € Def.
Note that this ends the proof for the case 2, i.e. for the case when x € A,.
Suppose now that x € Ay,. We have proved that (35 € {1,2,3,...}) (j < i) A
(Ja; € (Ap UH(0)) NSc/(AF)) (aj,x) € Def. Suppose that a;j € H(o). This
means that a practical argument attacks an epistemic one. Contradiction. So,
a; € Ap. [ |

N

Theorem 1 Let e be a new argument such that Conc(e) = o. Then, (Va € H(o))
a € Sc(AF) = a € Sc(AF @ e).

Proof Suppose the contrary, i.e., suppose that Ja € Sc(AF) N Rej(AF D e).
We will prove that:

1. (i€ {1,2,3,...}) (3a; € (Sc'(AF) NRej(AF @ e) NH(o))

2. if (Ji € {2,3,...}) (3a; € (Sc'(AF) NRej(AF @ e) NH(0)) then (3 €
{1,2,3,...}) (4 <) A
(Ja; € (Sc?(AF) N Rej(AF @ e) NH(o))

Note that we have already proved 1. Let us now prove 2. Suppose that (Ji €
{2,3,...}) (3a; € (Sc'(AF)NRej(AF ®e)NH(0)). Since argument a; is rejected
in the new system, then (3xr € AU {e}) (v,a;) € Def A (fy € Sc(AF @ e))
(y,x) € Def. Note that x # e, because e € H(0) and arguments in favor of same

29



offer do not attack each other. Since (a; € Sc(AF)) and (z,a;) € Def, then
according to the Property 17, (3j € {1,2,3,...}) (j < i) A (Ja; € Sc/(AF))
(aj € H(o) UAp) A (aj,z) € Def. Note that a; # e, because a; € Sc/(AF) and
e ¢ Sc(AF). Since (By € Sc(AF @ e)) (y,x) € Def, then a; € Rej(AF @ e).
Argument a; is practical, since a; € Ap, according to Property 14, implies
a; € Sc(AF @ e) which is in contradiction with the fact that a; € Rej(AF @ e).
So, a; € H(o). Now that we see that 1 and 2 are true, we may conclude that
(a1 € (Sc'(AF) NRej(AF @ e) NH(0)). Since a1 was not defeated in AF
and it is defeated in AF @ e, it holds that (e,a1) € Def. Contradiction, since
a1 € H(o) and e € H(0), and arguments in favor of same offer do not defeat
each other. |

Theorem 2 Let o € O, and a € H(o). If a € Rej(AF) and a € Sc(AF D e),
then e € H(o).

Proof Suppose that the theorem is not true. Then, (3a € Rej(AF)NSc(AF P
e)NH(o)) and e ¢ H(o). Since e is practical, it holds that (o' € O) o' # o A
e € H(0'). We will prove that:

1. (i€ {1,2,3,...}) (3a; € (Rej(AF) NSci(AF @ e) NH(o))

2. if (Ji € {2,3,...}) (3a; € (Rej(AF) NSci(AF @ e) NH(0)) then (3 €
{1,2,3,...}) ( <i) A (3a; € H(o) N S/ (AF @ e) N (Rej(AF))

Since a € H(o), a € Rej(AF) and a € Sc(AF & e), we see that 1 is true.
So, let us prove the 2. Suppose (i € {2,3,...}) (Ja; € (Rej(AF)NScH(AF @
e) NH(0)). Since a; was rejected, a; € Rej(AF), then (3x € A) (z,a;) € Def
A (By € Sc(AF)) (y,x) € Def. Since a; € Sc(AF @ e) then, according to
Property 17, (35 € {1,2,3,...}) (j <i) A (3a; € (S¢/ (AF @ e)N(H(0)UAp)) A
(aj,z) € Def. We have a; # e because aj € H(o) and e ¢ H(o). So, a; € A. If
a; € Ay, then, according to the Property 14, a; € Sc(AF). Contradiction with
the fact (By € Sc(AF)) (y,x) € Def. So, aj € H(o). On the other hand, since
a; € Rej(AF) then (Fy € Sc(AF)) (y,z) € Def. Hence, since a; € A, then,
it must be the case that a; € Rej(AF). With 1 and 2 we have the following:
(a1 € (Rej(AF) NScH(AF @e)NH(0)). So, ai is not defeated in AF @ e and
ay 1is defeated in AF. Contradiction. [ |

Property 18 It holds that Dbe(AF) C Sc(AF).

Proof Let AF = (A,Def) and a € Dbe(AF). Let Att(a) = {z; € A |
(x;,a) € Def}. Since the set of arguments A is finite, Att(a) = {z1,...,zn}.
From a € Dbe(AF), we obtain (Vz; € A) if (x;,a) € Def then (Ja € Sc(AF) N
Ap) such that (a,x;) € Def. Let Defends(a) = {ai,...,ar} be a set such
that Defends(a) C Ay N Sc(AF) and (Vz; € Att(a)) (3a; € Defends(a))
(o, ;) € Def. Since Defends(a) C Sc(AF) then (Yo € Defends(a)) (Im; €
{1,2,3,...}) s.t. a; € Sc™i(AF). Let m = max{mu,...,mi}. It holds that
Defends(a) C F™(D). Then, according to the definition of grounded seman-
tics, it holds that a € F™ (D), since argument a is defended by arguments of
F™(D)against all attacks. From a € F™(()), we have a € Sc(AF).

|
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Theorem 3 Let 0 € O,(AF) and let e be a new practical argument. o €
O,.(AF @e)iff e ¢ H(o) A (Px € AyNSc(AF)) (z,¢e) € Def A (Va € Dbe(AF)N
H(0)) (e, a) € Def.

Proof = Sinceo € O (AF), then (Ja € H(0)) a € Sc(AF). Leto € O (AF D
e).

1. Suppose e € H(o). Then, according to the Theorem 1, a € Sc(AF @ e).
Consequently, o € O, (AF @ e), contradiction.

2. Suppose that (3x € A, NSc(AF)) (x,e) € Def. According to Property 15,
Sc(AF@e) = Sc(AF) andRej(AF Pe) = Rej(AF)U{e}. So, a € Sc(AF)
implies a € Sc(AF @e). Contradiction with the fact that o € O (AF De).

3. Suppose that (Ja € Dbe(AF) NH(o)) (e,a) ¢ Def. Since a € Dbe(AF),
Property 18 implies that a € Sc(AF). Fromo € O,(AF ®e) we obtain a €
Rej(AF @e). So, (Jz € A) (z,a) € Def (Pb € Sc(AF @ e)) (b, x) € Def.
Note that © # e because (x,a) € Def and (e,a) ¢ Def. So, v € A. From
a € Dbe(AF) we have (3o € Ay N Sc(AF) (a,x) € Def. From Property
14, we have a € Sc(AF @ e). Contradiction with (Bb € Sc(AF & e))
(b,x) € Def.

< Lete ¢ H(o) A (Bx € AyNSc(AF)) (x,e) € Def A (Va € Dbe(AF)NH (o))
(e,a) € Def. Suppose that o ¢ O,.(AF @e). Thus, 0 € Oq(AF Ge). This means
that (3a € H(0)) a € Sc(AF @ e). We will prove the following:

1. (3i €{1,2,3,...}) (3a; € H(0)) (a; € SCH(AF @ e)).

2. if (3i € {2,3,...}) (Ga; € H(0)) (a; € Sc(AF@e)) then (3 € {1,2,3,...})
(j <i) A (Ja; € H(0)) (a; € SCH(AF @ e)).

Note that we have already proved 1, since (Ja € H(0)) a € Sc(AF G e). Let
us prove 2. Suppose that (3i € {2,3,...}) (3a; € H(0)) (a; € SC(AF @ e)).
Let us explore two possibilities: a € Dbe(AF) and a ¢ Dbe(AF). Suppose that
a; € Dbe(AF). Since a; € Dbe(AF) N H(o) then (e,a;) € Def. Since a; €
Sc(AF @e) and (e,a) € Def then, according to Property 17, (35 € {1,2,3,...})
J <iA (3a; € 8¢/ (AF@e)) (a; € AyUH(0)) A (aj,e) € Def. We will now show
that aj € H(o). Suppose that a; € Ay. According to Property 14, a; € Sc(AF).
Contradiction with (Az € A, N Sc(AF)) (z,¢e) € Def. Let us now explore the
case when a; ¢ Dbe(AF). From Definition 6, we have (3xz € A) (z,a;) € Def A
(Ba; € AyNSc(AF@e)) (aj,x) € Def. Since a; € Sc(AF ®e) and (v,a;) € Def,
Property 17 implies that (35 € {1,2,3,...}) j < i A (Ja; € ScI(AF @ e))
(a; € Ay UH(0)) A (aj,e) € Def. Since (Ba; € Ay NSc(AF @ e)) (aj,z) € Def
then a; € H(o).

Now, we have proved that 1 and 2. As the consequence, we have that: (Ja; €
H(0)) (a1 € Sc'(AF @e)). This means that ay is not defeated by any argument
in AF @ e. This implies that a1 is not defeated by any argument in AF, i.e.,
ai € Sc'(AF). Consequently, a; € Dbe(AF). So, (e,a1) € Def. Contradiction
with the fact that ay is not defeated in AF @ e. |
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Theorem 4 Let 0 € O,(AF) and let e be a new practical argument. o €
Ou(AF @e) iff e € H(0) A e € Sc(AF D e).

Proof = Let o€ Oy (AF @ e).

1. Let us prove that e € H(0). Suppose not. Then (3o’ € O) o # o A
e € H(0'). But, according to Theorem 2, all rejected arguments in favor
of o will remain rejected, i.e. H(o) C Rej(AF @ e). This means that
0 € O.(AF & e). Contradiction.

2. Let us now prove that e € Sc(AF ®e). Suppose not. So, e € Rej(AF De).
Since 0 € Og(AF De) then (3a € H(o)) a € Sc(AF de). Note that a # e
because a € Sc(AF Ge) and einRej(AF ®e). We will prove the following:

(a) (3i€{1,2,3,...}) (Ja; € H(0)) (a; € SC'(AF @ e) NRej(AF)).

(b) if (Fi €{2,3,...}) Bai € H(0)) (a; € SC'(AF ® e) NRej(AF)) then
(37 € {1,2,3,...}) (j < i) A (3a; € H(0)) (a; € S'(AF ®e)N
Rej(AF)).

We have already proved (a). Let us prove the (b). Suppose (Fi € {2,3,...})
(Ja; € H(0)) (a; € SC*(AF @ e) NRej(AF)). Since a; € Rej(AF) then
(3z € A) (z,a;) € Def A (Fy € Sc(AF)) (y,z) € Def. Sincea; € Sc(AFD
e) then, according to Property 17, (Ja; € Sc/(AF @ e)) (a; € H(o) U Ap)
A (aj,z) € Def. Here, we have a; # e because a; € Sc(AF @ e) and
e & Sc(AF@e). So, aj was already present before the agent has received the
new argument e. Since (By € Sc(AF)) (y,z) € Def then a; € Rej(AF).
Suppose that a; € Ay. Then, according to Property 14, a; € Rej(AF @e),
contradiction. So, a; € H(o). Now, when we have proved both (a) and
(b), we conclude that (3a; € H(o)) (a1 € Sc'(AF ®e)NRej(AF)). Since
a1 is not defeated in AF ®e, than it is not defeated in AF. Contradiction
with a; € Rej(AF).

< Suppose that an agent receives a skeptically accepted argument e € H(o).
Then, the offer o is acceptable according to Definition 5. |

Property 19 Let AF, = (A,,Def,) be a complete argumentation framework
for decision making, and a be an arbitrary argument. Then:

1. a is skeptically accepted iff (Vz € A,) (a,x) €>,.
2. a is rejected iff (Jz € A) (z,a) €>,.

3. a is credulously accepted iff

(B € A) (a,') £20) A (V2 € A) ((a,2) §20) = (2,0) £2.).
Proof

1. = Suppose that a is skeptically accepted. It can be shown that in this
system an argument a is skeptically accepted iff (Ax € A,) (z,a) € Def,.
Suppose that there is an argument x’ such that (a,x’) ¢>,. Since R, is
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complete, then (z',a) € R,. Thus, according to definition of Def,, we
have (', a) € Def,. Contradiction with the fact (Bx € A,) (z,a) € Def,.

< Let us now suppose that (Vx € A,) (a,z) €>, and that a is not skep-
tically accepted. It can be shown that in this system an argument a is
skeptically accepted iff (fxz € A,) (z,a) € Def,. Since a is not skepti-
cally accepted, (3z') (z,a) € Def,. Since (z',a) € Def, then, according
to definition of Def,, (a,x’) ¢>,. Contradiction with the fact (Vx € A,)
(a,x) €>,.

. = Suppose that a is rejected. Then, there is no extension £ such that
a € E. It can be shown that for an arbitrary argument a € A, there exists
an extension £ such that a € & iff a is self-defending. This means that
a is not self-defending. So, (3’ € A,) ((z',a) € Def, A (a,z') ¢ Def,).
Since (z',a) € R, and (z',a) € Def, then, according to definition of Def,,
we have (a,z') ¢>,. Since (a,2') € R, and (a,x’) ¢ Def, then, according
to definition of Def,, we have (x',a) €>,. According to the definition of
>,, (a,2') ¢ Def, and (2',a) €>, give (2',a) €>,.

< Suppose now that (3’ € A,) (a',a) €>,. Since the relation R, is
complete, we have (x',a) € R,. According to definition of >,, we have
(a,x’) ¢>,. These two facts, together with the the definition of Def,
imply (z',a) € Def,. The fact that (x',a) €>, implies that, according to
definition of Def,, (a,2') ¢ Def,. So, (¢',a) € Def, and (a,z’) ¢ Def,
which means that a is not self-defending. Since it can be shown that for
an arbitrary argument a € A, there exists an extension £ such that a € €
iff a is self-defending, then there is no extension £ such that a € £. So, a
is rejected.

. = Let us suppose that a is credulously accepted. According to Definition
4, there is at least one extension &; such that a € ;. Since it can be shown
that for an arbitrary argument a € A, there exists an extension € such that
a € & iff a is self-defending and since a is in &; then a is self-defending.
Suppose now that (a,z') ¢>,. So, (¢',a) € Def,. Since a is self-defending,
we have (a,x’) € Def,. So, (2',a) ¢>,. Hence, (Vx € A) ((a,z) ¢>,) =
(x,a) ¢>,)). We will now prove that (32" € A) (a,2') ¢>,). Since a is
not skeptically accepted, and it can be shown that an argument a € A, is
skeptically accepted iff it is not attacked, then (Jy' € A,) (y',a) € Def,.
This means that (a,y’) ¢>,. So, we proved that ((Iz' € A) (a,z') ¢>,)
A (0 € A) ((a,2) £20) = (2,0) £3,)).

< Let us now suppose that (3z’ € A) (a,2’) ¢>,) A ((Vx € A) ((a,z) ¢>,
)= (z,a) €>,)). We have ((32' € A) (a,2') ¢>,), so (¢/,a) € Def,. IT
can be shown that an argument a € A, is skeptically accepted iff it is not
attacked, so, a is not skeptically accepted. Suppose now that a is rejected.
That means that (32’ € A) ((¢',a) € Def,) and ((a,z") ¢ Def,). The
fact ((z',a) € Def,) implies ((a,z") ¢>,). According to the assumption
(Vo € A) ((0,2) £20) = (2,0) €2,)), we have ((2/,a) ¢,). Thus,
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((a,2') € Def,). Contradiction. Since a is neither skeptically accepted
nor rejected, it is credulously accepted.

Property 20 The following equivalences hold.

1. There is at least one skeptically accepted argument iff there is at least one
acceptable offer.

2. There is at least one credulously accepted argument iff there is at least
one negotiable offer.

Proof

1. = Suppose that there is at least one skeptically accepted argument a. Since
all the arguments are practical arguments, a is in favor of some offer o.
Then, according to Definition 5, o is acceptable.

< Let us now suppose that there is at least one acceptable offer o. Then,
according to Definition 5, there is at least one skeptically accepted argu-
ment a such that a € H(o).

2. = Suppose that there is at least one credulously accepted argument a.
Then, according to Theorem 5, there are no skeptically accepted argu-
ments. Since all the arguments are practical arguments, a is in favor
of some offer o. Since there are no skeptically accepted arguments at all,
there are no skeptically accepted arguments in favor of offer o. So, there is
at least one credulously accepted argument a in favor of offer o and there
are no skeptically accepted arguments in favor of offer o. According to
Definition 5, o is negotiable.

< Let us now prove the last part of the property. Suppose that there is at
least one negotiable offer o. Then, according to Definition 5, there is at
least one credulously accepted argument a in its favor.

Property 21 Let AF, = (A,,Def,) be a complete argumentation framework
for decision making and a € A,. If a € Rej(AF,) then (32’ € A,) such that
' ¢ Rej(AF,) A (2/,a) €>,.

Proof Leta € A,. Assume that a is rejected. Thus, from Property 19, there
is at least one argument zo such that (z9,a) €>,. Since zy is rejected, there
erists at least one argument z1 such that (zl,zo) €>,. Now, we can construct
the sequence of arguments zo, ...,z such that (Vi € {1,...,k}) (2i,2i—1) €>o.
Let zg, ..., zy be a mazimal such a sequence. We will now prove that that all
the arguments in this sequence are different. Suppose that (31,5 € {0,...,n})
z; = zj. Without loss of generality, suppose that © > j. Then, because of
transitivity of the relation >,, we have (2;,z;) €>,. On the other hand, z; = z;,
s0 (zi,2) €>,. This implies that (z;,z;) €2, and (zi,z;) ¢>,. Contradiction.
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Hence, all the arguments in this sequence are different. Since there is a finite
number of arguments and all the arguments in the sequence are different, the
sequence is finite. So, let z, be the last argument in this sequence. Note that,
because of the transitivity of relation >, it holds that (z,,,x) €>,. The argument
zn can be rejected or not. Suppose that it is rejected. Then, the fact that it is
rejected implies that (3zn41) (Znt1, 2n) €>0. Contradiction with the fact that
the sequence which ends with z, is maximal. Suppose that z, is not rejected.
So, (zn,x) €>, and z, is not rejected. Contradiction with the fact (Vz € A,)
(x,a) €> = = € Rej(AF,). In both cases we have a contradiction, so the
assumption was false. Hence, (32’ € A,) (2',a) €>, A 2’ ¢ Rej(AF,). |

Property 22 Let AF, = (A,,Def,) be a complete argumentation framework
for decision making and a € A,. If A, \ {a} C Rej(AF,) then a € Sc(AF,).

Proof Suppose that e is not skeptically accepted. Then, e is credulously ac-
cepted or rejected.

1. Suppose that e is rejected. According to Theorem 21, (Jz' € A,) ©' ¢
Rej(AF,) and (2',e) €>,. Contradiction with the fact that all the argu-
ments are rejected.

2. Suppose that e € Cx(AF,). According to Property 19, (32’ € A) (e,2’) ¢>,
YA (Ve € A) ((e,x) €20 = (z,€) €>,)). Since there are no self-attacking
arguments, we have ' # e. Since ¥’ # e and all the arguments except e
are rejected, then ' is rejected. According to Theorem 21, (Jy' € A,) such
that y' is not rejected and (y',x') €>,. Since y' is not rejected and all
the arguments except e are rejected, then y' = e. Since (y',z') €>, and
y' =e, then (e,2’) €>,. Since (e,z') €>, then (e,z') €>,. Contradiction
with the fact (e,z') ¢>,.

|
Property 23 Let a,b € Sc(AF,). Then (a,b) €>, and (b,a) €>,.

Proof [t can be shown that the framework has an accepted argument iff it has
exactly one extension. Since the system has a skeptically accepted argument,
there is exactly one extension £. Since both a and b are accepted, then a,b € €.
Since & is conflict-free, (a,b) ¢ Def, and (b,a) ¢ Def,. The fact (a,b) ¢ Def,
implies (b,a) €>, and, similarly, (b,a) ¢ Def, implies (a,b) €>,. |

Theorem 5 Let AF, = (A,,Def,) be an argumentation system. The following
implications hold:

1. If Sc(AF,) # 0 then Cr(AF,) = 0.
2. If Cr(AF,) = 0 then Sc(AF,) # 0.

Proof

35



1. It can be shown that the framework has an accepted argument iff it has
exactly one extension. Since the framework has a skeptically accepted ar-
gument, then it has only one extension, say €. Suppose that (Ja € A,) a
is credulously accepted. According to Definition 4, there are two different
extensions £1 and Eo such that a € & and a ¢ E>. Contradiction with the
fact that there is exactly one extension.

2. It can be shown that the argumentation framework AF, always has at least
one non-empty extension 1. Let a € & be an arbitrary argument which
belongs to this extension. Since a € &1, according to Definition 4, a is
skeptically accepted or credulously accepted. Since we have supposed that
there are no credulously accepted arguments, then a is skeptically accepted.

Property 24 Let x be an arbitrary argument.
If (3a € Sc(AF,)) such that (a,z) € © then (Va' € Sc(AF,)) (d',x) € ©.

Proof Let us suppose that ((3a € A,) a € Sc(AF,) A (a,z) € ®). Let b
be an arbitrary accepted argument. According to Property 23, (a,b) €>, and
(b,a) €>,. Now, using the transitivity of preference relation, it can easily be
shown that (a,z) € ® implies (b,x) € ©. |

Property 25 AF, = (A,,Def,) be an argumentation system and Cr(AF,) its
set of credulously accepted arguments. Then (Va,b € Cr(AF,) it holds that

((a,0) €20 A(b;a) €20) V ((a,b) =0 A(b,a) E25).

Proof Suppose that the (Ja € Cr(AF,))(3b € Cr(AF,)) ~((a,b) €2, A(a,b) €2,
) A =((a,b) €>, Aa,b) ¢>,). Then, either (a,b) €>, or (b,a) €>, Without
loss of generality, we can suppose that (a,b) €>,. Then, with (a,b) € R,, we
have (a,b) € Def, and (b,a) ¢ Def,. So, the argument b is not self-defending.
Since it can be shown that for an arbitrary argument a € A, there exists an
extension € such that a € & iff a is self-defending, then there is no extension
E such that b € £. Consequently, b is not credulously accepted. Contradiction
with the fact b € Cr(AF,). |

Property 26 Let AF, = (A,,Def,) be an argumentation system for decision
making, and Cr(AF,) # 0. Then it holds that: (Va' € Cr(AF,)) (Fa” €
Cr(AF,)) (d/,a") ¢>0 A (a”,ad") ¢>,.

Proof Suppose the converse. Then (Ja’ € Cr(AF,)) (Va € Cr(AF,)) —
((a,a’") €>0 N (d',a) €>,). Recall the result of the Property 25 which states
that (Ya € Cr(AF,))(Vb € Cr(AF,)) ((a,b) €>, A (b,a) €>,) V ((a,b) ¢>,
A(b,a) €>,). So, if for two credulously accepted arguments a and o' it holds
that = ((a,a’) €>, A (a',a) €>,), then it must be the case that ((a,a’) €>, A
(d',a) €>,). So, (3a’ € Cx(AF,)) (Va € Cx(AF,)) ((a,d') €>4 A (d/,a) €>,).
Let b,c € Cr(AF,). Since (b,a') €>, and (a’,c) €>,, then, because of the
transitivity of the preference relation, (b,c) €>,. Similarly, since (c,a’) €>,
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and (a’,b) €>,, then (¢,b) €>,. So, all the credulously accepted arguments are
in the same class of equivalence with respect to >,. This means that there is
no attack in the sense of Def, between arguments of Cr(AF,). So, Cr(AF,) is
admissible. Since there are some credulously accepted arguments, according to
Definition 4, there are at least two different non-empty preferred extensions &1
and . Since there are some credulously accepted arguments, then, according
to Theorem 5, there are no skeptically accepted arguments. Since all the argu-
ments in &1 and E are in some extension, they are not rejected. Since there
are no skeptically accepted arguments, they are credulously accepted. Since it
can be shown that all the extensions are pairwise disjoint, then £ N Ey = (.
All the arguments that are not in Cx(AF,) are not credulously accepted. Since
there are no skeptically accepted arguments, they are rejected. Let us prove that
&1,E C Cr(AF,). If =(&1 C Cr(AF,)) then there is some argument which is
credulously accepted (since it is in €1) and in the same time it is rejected (since
it is not in Cr(AF,)). Contradiciton. So, &1 C Cr(AF,). The same proof for
Es. So, &1 and & are preferred extensions and E1 NEy = 0 and & # O and
Ey £ . Since Ey £ O, then &1 # Cr(AF,). So, &1 is preferred and Cr(AF,) is
admissible and & C Cr(AF,) and & # Cr(AF,). Contradiction, because, ac-
cording to Definition 3, a preferred extension is a mazimal admissible extension.

Property 27 Let o € O. The offer o is negotiable iff there is at least one
credulously accepted argument in its favor.

Proof = Trivial, according to Definition 5.

< Let a be an credulously accepted argument in favor of o. Since there exists
at least one credulously accepted argument, Theorem 5 implies that there are no
skeptically accepted arguments. In particular, there are no skeptically accepted
arguments in favor of o. According to Definition 5, o is negotiable. |

Theorem 6 Let AF, = (A,,Def,) be a complete argumentation framework for
decision making. The following holds: O, # 0 < O,, = 0.

Proof = Let O, # 0. According to Property 20, there is at least one skepti-
cally accepted argument. Then, according to Theorem 5, there are no credulously
accepted arguments. Using Property 20, we conclude that there are no negotiable
offers.

< Let O, = 0. According to Property 20, there are no credulously accepted
arguments. Then, according to Theorem 5, there is at least one skeptically ac-
cepted argument. The Property 20 implies that there is at least one acceptable
offer. |

Theorem 28 Let AF, = (A,,Def,) be an argumentation system. If a €
Rej(AF,), then a € Rej(AF, @ e).

Proof Leta € A,. Assume that a is rejected in AF, = (A,,Def,). According
to Property 19, 3x € A, such that (z,a) €>,. Lete ¢ A,. AF, De is an
arqumentation system such that its set of arguments is A, U {e}. So, a,x €
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A, U{e}, which (according to Property 19) means that a is rejected in AF, D e.
|

Property 29 Let AF, = (A,,Def,) be an argumentation system. If a €
Cr(AF,), then a ¢ Sc(AF, D e).

Proof Assume that a is credulously accepted in AF,. Thus, according to Prop-
erty 19, 3x € A, such that (a,x) ¢>,. It is clear that a,x € A, U {e}. Assume
that a is skeptically accepted in the system AF, ® e. According to Property 19,
(Vz € A, U{e}) (a,z) €>,. Contradiction with the fact (a,z) ¢>, |

Property 30 Let AF, = (A,,Def,) be an argumentation system for decision
making.

1. If a € Sc(AF,) then a € Sc(AF, D e) iff (a,e) €>,.
2. If a ¢ Rej(AF,) then a € Rej(AF, @ e) iff (e,a) €>,.
Proof

1. Let a € Sc(AF,).
= Suppose that a € Sc(AF,®e) and (a,e) €>,. Since the attack relation
R, is complete, then (a,e) € R, and (e,a) € Ro. With (a,e) ¢>,, we
have (e,a) € Def,. Since (e,a) € Def,, according to Property 19, we have
that a ¢ Sc(AF, @ e). Contradiction.

< Let (a,e) €>,. Since a € Sc(AF,), according to Property 19, (Vx €
Ao) (a,x) €>,. Suppose that a ¢ Sc(AF, @ e). Then, according to Prop-
erty 19, (32’ € A,U{e}) (a,z’) ¢>,. We will prove that 2’ ¢ A,. Suppose
the converse, i.e., suppose that ' € A,. Since (Vz € A,) (a,x) €>,, then
(a,2') €>,. Contradiction, so it must be the case that ' ¢ A,. With
' € A,U{e} and 2’ ¢ A, we have 2’ = e, and, consequently, (a,e) ¢>,.
Contradiction.

2. Let a € A, \ Rej(AF,).

= Let a become rejected. Since a ¢ Rej(AF,), then, according to Property
19, (Fx € A,) (z,a) €>,. Since a € Rej(AF, @ e), then, according to
Property 19, (3y € A, U {e}) (y,a) €>,. We will prove that y = e.
Suppose not. Then, y € A, and (y,a) €>,. Contradiction with the fact
(Fz € A,) (z,a) €>,. So, y = e and, consequently, (e,a) €>,.

< Let (e,a) €>,. Since (e,a) €>,, then, according to Property 19, a is
rejected.

Property 31 Let AF, = (A,,Def,) be an argumentation system and a,b €
Sc(AF,). Let e ¢ A,.

1. If a € Sc(AF, @ e) then b € Sc(AF, & e).
2. If a € Cr(AF, B e) then b € Cr(AF, S e).
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3. If a € Rej(AF, @ ¢) then b € Rej(AF, De).
Proof

1. Since a € Sc(AF,@e), then, according to Property 30, (a,e) €>,. Accord-
ing to Property 24, (b,e) €>,. According to Property 30, b € Sc(AF,De).

2. Since a ¢ Sc(AF, @ e), then, according to Property 30, (a,e) ¢>,. Since
a ¢ Rej(AF,®e), then, according to Property 30, (e,a) ¢>,. According to
Property 24, (bye) ¢>, and (e,b) ¢>,. Since (b,e) ¢>,, then, according
to Property 30, b ¢ Sc(AF, @ e). Since (e,b) ¢>,, then, according to
Property 30, we have b ¢ Rej(AF, @ e). Hence, according to Property 2,
beCr(AF, de).

3. Since a € Rej(AF, @ e), then, according to Property 30, (e,a) €>,.
According to Property 24, (e,b) €>,. According to Property 30, b €
Rej(AF, De).

|

Theorem 7 Let AF, = (A,,Def,) be a complete argumentation framework for
decision making, a € Sc(AF,) and e ¢ A,. The following holds:

1. a € Sc(AF,®e) NecSc(AF, de) iff
((a;€) €20) A ((e;a) €2)

2. a €Rej(AF,De) ANe€Sc(AF, De) iff (e,a) €>,
3. a€Sc(AF,®e) AN e€Rej(AF, @ e) iff (a,e) €>,

4. a € Cxr(AF, De) A e € Cr(AF, @e) iff
((a,€) £20) A ((a,€) £2,)

Proof

1. Let ((a,e) €>,) A ((e,a) €>,). Let us prove a € Sc(AF, D e). Sup-
pose not. So, a changed its status. According to Property 30, (a,e) ¢>,.
Contradiction. Thus, a € Sc(AF, D e).

We will now prove that e € Sc(AF, @ e). Suppose not. Then, ac-
cording to Property 19, (32’ € A, U {e}) (e,z) ¢>,. Since we proved
that a € Sc(AF, @ e), then, according to Property 19, (Vx € A, U {e})
(a,7) €>,. In particular, (a,z") €>,. Since (e,a) €>, and (a,z’) €>,,
the transitivity of the preference relation >, implies that (e, z') €>,. Con-
tradiction. So, e € Sc(AF, B e).

2. Let (e,a) €>,. According to Property 19, it holds that a € Rej(AF, ®e),
since there is now at least one argument which is strictly preferred to it.

Let us now prove that e € Sc(AF, @ e). Suppose not. Then, according to
Property 19, (32’ € A,U{e}) (e,x’) ¢>,. Since there are no self-attacking
arguments, we have ' # e. So, ' € A,. Since a € Sc(AF,), it holds
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that (Vx € A,) (a,xz) €>,. In particular, (a,z’) €>,. So, (e,a) €>,
and (a,z') €>,. One can easily see that (e,x’) €>,. Consequently, we
have (e,z’) €>,. Contradiction with the fact (e,z') ¢>,. Hence, e €
Sc(AF, de).

3. (a,€) €>,. We will prove that a € Sc(AF, @ e). Suppose not. So, a
changed its status. According to Property 30, (a,e) ¢>,. Contradiction
with the fact (a,e) €>,. So, a € Sc(AF, ®e).

We will now prove that e € Rej(AF,®e). Since (a,e) €>,, then, accord-
ing to Property 19, it holds that e € Rej(AF, @ e).

4. Let ((a,e) €>,) A ((a,e) €>,). We will prove that a € Cr(AF, @ e).
Suppose that a € Sc(AF, @ e). So, according to Property 19, (Vx € A, U
{e}) (a,z) €>,. But, (a,e) ¢>,. Contradiction. So, a ¢ Sc(AF, @ e).
Suppose that a € Rej(AF, @ e). Then, according to Property 19, (32’ €
A,U{e}) (2/,a) €>,. a € Sc(AF,). So, according to Property 19, (Vx €
Ao) (a,x) €>,. Suppose that ' € A,. Then, (z',a) €>, and (a,x’) €>,.
Contradiction, sox’ ¢ A,. The fact that 2’ € A,U{e} and &’ ¢ A, implies
that ©’ = e. So, (e,a) €>,. Contradiction. Hence, a ¢ Rej(AF, @ e).
Since we proved that a ¢ Sc(AF, @ e) and a ¢ Rej(AF, @ e), then,
according to Property 2 a € Cr(AF, @ e).

Let us now prove that e € Cr(AF, @ e). Suppose that e € Sc(AF, ®
e). According to Property 19, (Vo € A,) (e,x) €>,. But, (e,a) ¢>,.
Contradiction. So, e ¢ Sc(AF,®e). Suppose now that e € Rej(AF,Pe).
Then, according to Property 19, (3y' € A) (y',e) €>,. Since (y',e) €>,
then (e,y’) €>,. Since >, is reflexive, then y' # e. So, y € A,. a €
Sc(AF,). So, according to Property 19, (Vx € A,) (a,z) €>,. Since
y € A,, then (a,y’) €>,. So, we have (a,y') €>, and (y',e) €>,. Now,
it is easy to see that (a,e) €>,. Contradiction. Since we proved that
e ¢ Sc(AF,De) and e ¢ Rej(AF, @ e), then, according to Property 2, it
must be the case that e is credulously accepted.

Property 32 Let AF, = (A,,Def,) be an argumentation system such that
Cr(AF,) # . The following result holds: ((Va € Cr(AF,)) (e,a) €>,) iff
((Va € Cr(AF,)) (e,a) €>,).

Proof = Trivial, according to definition of >,.

< Let us suppose that (3a’ € Cr(AF,)) ((e,a’) ¢>, A (e,a') €>,). So,
according to definition of >,, (a',e) €>,. According to Property 26, (3a” €
Cr(AF,)) ((a’',a") ¢>, N (a’,ad') ¢>,). Since (Va € Cr(AF,)) (e,a) €>,,
then, in particular, (e,a”) €>,. With (d’,e) €>, and (e,a”) €>, we have
(a',a") €>,. Contradiction. |

Property 33 Let AF, = (A,,Def,) be and argumentation system s.t. Cr(AF,) #
(). The following holds: ((Va € Cr(A,)) a € Rej(4, @ €)) iff ((Va € Cr(4,))
(e,a) €>,).
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Proof = Let all the credulously accepted arguments become rejected. Suppose
that a’ € Cr(AF,). According to Property 30, since a’ € Cr(AF,) and o' €
Rej(A, @ e), it holds that (e,a’) €>,.

< Let (Va € Cr(AF,)) (e,a) €>,. Suppose that o' € Cr(AF,). According
to Property 19, since (e,a’) €>, then a’ € Rej(A, @ e). |

Theorem 8 Let AF, = (A,,Def,) be an argumentation framework such that
Cr(AF,) # (). Then, the following holds:

1. (Va € Cx(AF,)) (e,a) €>, iff e € Sc(AF, De) A A, =Rej(AF, De).

Ja € Cr(AF,)) (e,a) >, A (Fa’ € Cx(AF,))

2. (
(a',e) €>, iff e € Cx(AF, De)
- (

3. (3a € Cr(AF,)) (a,e) €>, iff e € Rej(AF, B e) N Ay = Cr(AF, De) .
Proof During the proof, we will sometimes use the following fact. Since,
according to Property 32, (Va € Cr(AF,)) (e,a) €>, is equivalent to (Va €
Cr(AF,)) (e,a) €>,, then the negation of (Va € Cr(AF,)) (e,a) €>, is equiv-
alent to negation of (Va € Cr(AF,)) (e,a) €>,. So, (Ja € Cr(AF,)) (e,a) ¢>,
is equivalent to (3a € Cr(AF,)) (e,a) ¢>,.

1. = Let (Va € Cr(AF,)) (e,a) €>,. Let a € Cr(AF,). Since (e,a) €>,,
then, Property 19 implies that a € Rej(AF,®e). So, (Va € Cr(AF,)) a €
Rej(AF,@e). Since, according to Property 28, rejected arguments cannot
change their status, then A, C Rej(AF, B e). So, as the consequence of
Property 22, we have that e is skeptically accepted.

< Leta € Cr(AF,). Since a € Rej(AF,De), then, according to Property 30,
it holds that (e,a) €>,. Since a € Cr(AF,) was arbitrary, we have
(Va € Cx(AF,)) (e,a) €>,.

2. = Since (Ja € Cr(AF,)) (e,a) ¢>, then we have (Ja € Cr(AF,))
(e,a) ¢>,. Since it holds that (Ja € Cr(AF,)) (e,a) ¢>,, then, accord-
ing to Property 19, e is not skeptically accepted. Since (Pa” € Cr(AF,))
(a",e) €>,, then, according to the same property, e is not rejected. Since
e is neither skeptically accepted nor rejected, according to Property 2, it is
credulously accepted.

< Let e be credulously accepted. Since e is credulously accepted, according
to Property 2, it is neither skeptically accepted, nor rejected. Since e is
not rejected, then, according to Property 19, it holds that (fa” € Cr(AF,))
(a”,e) €>,. Since e is not skeptically accepted, then, according to the same
property, (Ja € Cr(AF,)) (e,a) ¢>,. Since (Ja € Cr(AF,)) (e,a) ¢>,
then (Ja € Cr(AF,)) (e,a) ¢>,.

3. = Let (30" € Cr(AF,)) (a”,e) €>,. According to Property 19, e is re-
jected. Let us prove that Cr(AF,) C Cr(AF, @ e). Suppose not. So,
(3a’ € Cr(AF,)) such that a’ changes its status. Since, according to
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Property 29, no argument can become skeptically accepted, then a’ be-
comes rejected. According to Property 30, it holds that (e,a’) €>,. Since
(a",e) €>, and (e,a’) €>, then (a”,a’) €>,. Since the preference rela-
tion between the arguments does not change, this means that (a”,a’) €>,
was true in the moment when a' and a’ were both credulously accepted.
Contradiction with Property 25. So, we proved that e is rejected and that
no other argument changes its status.

< Let e be rejected. So, according to Theorem 21, (3a’ € A,) such that
(a'ye) €>, and o’ ¢ Rej(AF, ®e). Since a’ # e then ' € A,. So,
a € Cr(AF, ®e). Since a € Cr(AF, @ e), then, according to Property
28, a ¢ Rej(AF,). Since Sc(AF,) =0, then a € Cx(AF,). So, (3a’ €
Cr(AF,)) (d,e) €>,.

Theorem 9 Let AF, = (A,,Def,) be an argumentation system and o €
O.(AF,). Suppose that a € Sc(AF,) is an arbitrary skeptically accepted ar-
gument. Then:

1. 0 € O, (AF, D e) iff
((a,e) €>5) V (e € H(0)) A ((e,a) €>,)

2. 0€ O, (AF, @ e) iff
((a,€) £20) A ((e;a) £2,))

3. 0€ O.(AF, de) iff
(e ¢ H(0)) A (e,a) €>,)

Proof

1. = According to Definition 5, offer o was acceptable, so there was al-
ready at least one skeptically accepted argument a’ in its favor before that
agent received the argument e. Suppose that the offer o remains accept-
able. Since, according to Property 28 and Property 29, no argument can
become skeptically accepted, then either some skeptically accepted argu-
ment in favor of o remained skeptically accepted or e is skeptically ac-
cepted and e is in favor of o. Let us explore the first possibility. So,
Ja” € H(o) N Sc(AF, ® e). The argument o’ remained skeptically ac-
cepted, so, according to Property 31, a will remain skeptically accepted
as well. Since (a”,e) €>, and, according to Property 24, all the skepti-
cally accepted arguments are in the same relation with e, then (a,e) €>,.
Suppose now that e € Sc(AF, & e) N H(o). Since e is skeptically ac-
cepted, according to Theorem 7, we have (e,a) €>,. If (a,e) €>, then
the first part of the disjunction is true, i.e., (a,e) €>,. If (a,e) ¢>, then
(e,a) €>,. So, the second part of the disjunction is true, i.e., (e,a) €>,
A e € H(o).
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< Suppose now that (a,e) €>, V((e,a) €>, A e € H(0)). Suppose
that the first part of the disjunction is true, i.e., (a,e) €>,. Accord-
ing to Theorem 7, a € Sc(AF, @ e). Consequently, o remains accept-
able. Suppose now that the second part of the disjunction is true, i.e.,
(e,a) €>5 A e € H(o). Since (e,a) €>,, then, according to Theorem 7,
e € Sc(AF, de). Since e € H(o) then o is acceptable.

. = Since the offer o becomes negotiable, according to the Definition 5, there
is at least one credulously accepted argument in its favor. The Property 28
states that rejected arqguments cannot become credulously accepted. So, ei-
ther an skeptically accepted argument a' in favor of o has become credu-
lously accepted or e is credulously accepted and e is in favor of o. The
first possibility, with respect to Theorem 7, implies that (a,e) ¢>, and
(e,a) €>,. The second possibility, according to the same theorem, leads
to the same conclusion: (a,e) ¢>, and (e,a) ¢>,, which ends the proof.

< Let (a,e) €>, N (e,a) €>,. Theorem 7 together with the fact that
(a,e) €=, N (e,a) €>, lead to the conclusion that a,e € Sc(AF, @ e).
Since we have Cr(AF, ® e) # 0, according to Property 20, Sc(AF, ®
e) = 0. So, there will be no skeptically accepted arguments in favor of o,
and there will be at least one credulously accepted argument in its favor.
According to Definition 5, o becomes negotiable.

. = Let o be an acceptable offer that becomes rejected. The offer o was ac-
ceptable, so, according to Definition 5, there were at least one skeptically
accepted argument a’ in its favor. Since o has become rejected, according
to the same definition, H(0) C Rej(AF, @ e), so a' must have become
rejected. So, a’ was not rejected but it is rejected now. Let a” be an ar-
bitrary skeptically accepted argument. a' € Rej(AF, & e), so, according
to Property 31, a” € Rej(AF, @ e). Since a’ has become rejected, the
Property 30 implies that (e,a’) €>,. Let us now prove that e ¢ H(o).
Suppose that the converse, e € H(0), is true. The fact (e,a) €>,, accord-
ing to Theorem 7, implies that e is skeptically accepted. Since e € H(o),
then there is at least one skeptically accepted argument in favor of the of-
fer o, which, according to Definition 5, contradicts the fact that o became
rejected. So, the assumption e € H(o) is false. Hence, e ¢ H(0).

< Let (e,a) €>, A e ¢ H(0). The fact (e,a) €>,, according to Theorem 7,
implies that e € Sc(AF,De) and a € Rej(AF,@e). Let o’ be the arbitrary
skeptically accepted argument. According to Property 31, a' will become
rejected, too. So, an arbitrary skeptically accepted argument becomes re-
jected. This means that all skeptically accepted arguments will become
rejected, Sc(AF,) C Rej(AF, @ e). Since Sc(AF,) # 0, according to
Theorem 5, Cr(AF,) = 0. According to Property 28, rejected arguments
cannot change their status. Since there were no credulously accepted argu-
ments and all skeptically accepted arguments became rejected and all the
rejected arguments remain rejected, we conclude that all the arguments ex-
cept e are rejected, A, C Rej(AF, @ e). Recall that e ¢ H(o). All the
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arguments in favor of o are rejected. Since there is at least one argument
in favor of o and all the arguments in its favor are rejected, according to
Definition 5, o is rejected.

Theorem 10 Let AF, = (A,,Def,) be an argumentation system and o €
0, AF. Then:

1. 0 € Ou(AF, @ e) iff
(e € H(0)) A ((Va € Cr(A,)) (e,a) €>)

2. 0€ Op(AF, @ e) iff
((e € H(0)) A (Fa’ € Cx(AF,)) (e,ad’) >0 A
(fa” € Cr(AF,)) (a”,e) €>,)

\%
((3d’ € Cx(AF,)) (o' € H(o) A (e,a’) €>,))

3. 0€ O.(AF, de) iff ((e ¢ H(0)) A
((Va € Cx(AF,)) (a € H(0)) = (e,a) €>,)).

Proof

1. = Let o become acceptable. According to Definition 5, this means that
there will be at least one skeptically accepted argument in its favor. Accord-
ing to Property 28 and Property 29, no argument can become skeptically
accepted. So, in order to make o become acceptable, agent must receive a
new argument in favor of o. Hence, e € H(0) and e € Sc(AF,de). Since
e is skeptically accepted, then, according to Theorem 5, Cr(AF, ®e) = 0.
So, all the credulously accepted arguments have changed their status. With
respect to Property 29, they are all rejected. So, all arguments in A, \ {e}
are rejected. Property 22 states that in this case, e must be skeptically
accepted. Since Cr(AF,) C Rej(AF,De), then, according to Property 33,
(Va € Cx(AF,)) (e,a) €>,.

< Let (e € H(0)) A ((Va € Cr(AF,)) (e,a) €>,). The fact (Va €

Cr(AF,)) (e,a) €>,) is, according to Property 33, equivalent to Cr(AF,) C
Rej(AF,@e). So, all the credulously accepted arguments have become re-

jected. There were mo skeptically accepted arguments. According to the

Property 28, all the rejected arquments remain rejected. So, all the argu-

ments except e are rejected. According to the Property 22, e € Sc(AF ,De).

Since (e € H(0)), then there is exactly one accepted argument in favor of
the offer o. According to Definition 5, o is acceptable.

2. = Let o stay negotiable. According to Property 27, this means that there
is at least one credulously accepted argument in favor of o. If ((3a' €
Cr(AF,)) a’ € H(o) A (e,a’) ¢>,) then that fact ends the proof. Suppose
that ((fa € Cr(AF,)) a € H(o) A (e,a) ¢>,). According to Property 28,
all the rejected arguments remain rejected. Since ((Va € Cr(AF,)) a €
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H(o) = (e,a) €>,), this means that for all the credulously accepted argu-
ments in favor of o, it holds that (e, a) €>,. According to Property 19, this
means that all the credulously accepted arguments in favor of o will become
rejected. Since o remains negotiable, according to Property 27, this means
that there is at least one credulously accepted argument in its favor. So, it
must be the case that e € Cr(AF, @ e) and e € H(o). According to Theo-
rem 8, since e is credulously accepted then (Ja’ € Cx(AF,)) (e,a’) ¢>, A
(Fa" € Cr(AF,)) (a”,e) €>,.

< Let (e € H(0o)) A (3’ € Cx(AF,)) (e,a') ¢>, A (fa" € Cr(AF,))
(a”,e) €>,) or ((Fa’ € Cr(AF,)) o' € H(o) A (e,a’) ¢>,). Suppose
that (e € H(o)) A (3a’ € Cr(AF,)) (e,a’) ¢>, A (Ba” € Cr(AF,))
(a",e) €>,). According to Theorem 8, e € Cx(AF, @ e). Since e € H(o),
according to the Property 27, o is negotiable. Let us now suppose that
(Ja’ € Cr(AF,)) a’ € H(o) A (e,a’) ¢>, is true. The fact (e,a’) &>, and
Property 30 imply that o’ ¢ Rej(AF,De). Since, according to Property 28
and Property 29, no argument cannot become skeptically accepted, a’ is
neither rejected nor skeptically accepted. According to Proposition 2, it is
credulously accepted. Property 27 implies that o is negotiable.

~—

3. = Since o becomes rejected, according to Definition 5, this means that
H(o) CRej(AF, D e). Suppose that (Ja’ € H(o) N Cx(AF,)) (e,a’) ¢>,.
According to Property 30, a ¢ Rej(AF, @ e). So, there is at least one
argument in favor of o which is not rejected. According to Definition 5,
o is not rejected. Contradiction. Suppose now that e € H(o). Since
o is rejected, then e € Rej(AF, ® e). Since e is rejected, according to
Property 21, (32’ € A,) 2’ ¢ Rej(AF, ®e) and (2',e) €>,. Since o was
negotiable, H(o) N Cr(AF,) # 0. Let a’ € H(o) N Cx(AF,). It holds that
(Va € Cr(AF,)) (a € H(0)) = ((e,a) €>,). In particular, (e,a”) €>,.
It also holds that (', e) €>,. From the transitivity of preference relation
one can easily conclude that (z',a") €>,. So, a”’ was not self-defending
in AF, (before the agent has received the argument e), so a” € Rej(AF,).
Contradiction. So, e & H(0).

< Since (Ya € Cr(AF,)) (a € H(o) = (e,a) €>,), then, as a conse-
quence of Property 30, (Ya € Cx(AF,)) (a € H(0)) = a € Rej(AF, D e).
So, Cr(AF,) NH(o) C Rej(AF, ® e) and, according to the Property 28,
Rej(AF,) CRej(AF,®e). So, since e ¢ H(o), all the arguments in favor
of o are rejected. Since o was negotiable, then H(o) # 0. So, according to
Definition 5, o becomes rejected.

Theorem 11 Let AF, = (A,,Def,) be a complete argumentation framework
for decision making and o € O an rejected offer. Suppose that e ¢ A,. Then:

1. Option o will become acceptable iff

(e € H(0)) A ((Va € A,) (e,a) €>,)
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2. Option o will become negotiable iff

(e € H(0)) A ((Va € A,) (a,e) €>,) A ((3a € A,) (e,a) ¢>,)

3. Option o will rest rejected iff
(e ¢ H(0)) V ((e € H(0)) A (Fa € Ay)(a,e) €>)

Proof

1. = Suppose that offer o becomes acceptable. This means that there is at
least one skeptically accepted argument in its favor. Since it was rejected,
and, according to Property 28, all rejected arguments remain rejected, it
must be that e € H(o) and e € Sc(AF,Pe). Property 19 now implies that
(Va € A,) (e,a) €>,.

<« Suppose that e € H(o)) A (Va € Ay) (e,a) €>,. According to Property
19, e € Sc(AF, ®e). Since e € H(o), we have one skeptically accepted
arqument in favor of offer o, hence it is acceptable.

2. = Suppose that offer o becomes negotiable. According to Property 27,
there is at least one credulously accepted argument in its favor. Since it
was rejected, and, according to Property 28, all rejected arguments remain
rejected, it must be that e € H(o) and e € Cr(AF, ® e). From Property
19, we have ((Va € A,) (a,e) €>,) A ((Fa € A,) (e,a) ¢>,).

< Suppose that (e € H(o)) A (Va € A,) (a,e) €>,) A (Ha € A,)
(e,a) ¢>,). According to Property 19, e € Cr(AF, ® e). Since e €
H(o), we have one credulously accepted argument in favor of offer o, which
together with Property 27 means that o is negotiable.

3. = Suppose that offer o stays rejected. This means that all arguments
in its favor are rejected. If e ¢ H(o) the proof is over. Lel us suppose
that e € H(o). Since e € Rej(AF, @ e) then Property 19 implies that
(Fa € Ap)(a,e) €>.
< Let (e ¢ H(0)) V ((e € H(0)) A (Ba € A,)(a,e) €>). Ife ¢ H(o),
then, according to Property 28, all rejected arguments remain rejected, so
the offer remains rejected. If e ¢ H(o) then (3a € A,)(a,e) €>. Property
19 implies that e is rejected, so with H(o) C Rej(AF,) we have that o is
rejected.
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